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Abstract 
This thesis describes the first octave-spanning frequency comb based on a prismless, 
Ti:sapphire laser. It covers in detail the design and construction of the laser system, as 
well as the electronic stabilization scheme used to control the frequencies of the mode 
comb. The system developed is suit able for optical metrology applications in general, 
although the version here presented is locked to the hydrogen 1s-2s transition frequency 
in ult racold hydrogen. 
A detailed study of the carrier-envelope phase dynamics and noise characteristics 
of octave-spanning Ti:sapphire lasers is presented. We model the effect of the laser 
dynamics on the residual carrier-envelope phase noise by deriving a transfer function 
representation of the octave-spanning frequency comb. The modelled phase noise and the 
experimental results show excellent agreement. The model developed greatly enhances 
our capability of predicting the residual carrier-envelope phase noise in octavespanning 
lasers, an important aspect in many time and frequency domain applications. 
Potential applications of the current system to ultraprecise optical frequency metrol- 
ogy of ultracold hydrogen are described. 
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Chapter 1 
Introduction 
The past 5 years have been an exciting time for the field of optical frequency metrology. 
In the beginning of year 2000, the groups of Ted Hansch and John Hall demonstrated 
an innovative technique for optical frequency synthesis based on mode-locked lasers. 
This development represented a merger of two distinct fields of study. On one side 
the techniques of laser stabilization learned over the past 30 years, aimed at achieving 
increasingly precise optical frequency measurements, on the other the developments of 
ultrafast science, in which the search for generation of yet shorter pulses reached the 
few-cycle regime. From this point onwards, both fields were to gain immensely from this 
joint venture. 
This thesis represents the essence of this collaboration between ultrafast science and 
optical metrology, one of the first steps in a quest to develop a simple apparatus which 
has both ca1:)abilities: to generate a source with the shortest phase stabilized pulses and a 
self-referenced comb of frequencies directly from the laser. The focus of this work has in 
some sense been the optical frequency metrology, but the development of this apparatus 
has motivated us to improve our understanding of the control of the phase of light pulses 
or, more precisely, the carrier-envelope phase dynamics in modelocked lasers, especially 
of those which produce octave-spanning spectra. This study presents the first complete 
noise analysis of carrier-envelope phase controlled laser pulses, taking into account the 
effects of the laser dynamics on the carrier-envelope phase. 
The scope of this thesis is twofold. We developed a system which is to be used for 
optical frequency metrology of ult racold hydrogen at oms. Specifically, we planned to 
perform two distinct experiments: first, to measure two-photon transitions originating 
from the metastable 2s state with an apparatus that offers several advantages if com- 
pared to previous experiments [1],[2]. Second, with a phase coherent link between the 
narrow (1.2 Hz natural linewidth) IS-2s transition and the radio frequency domain given 
by the frequency comb, we would set out to perform the world's first measurement of 
this transition in a cold, trapped atomic sample. Unfortunately, a series of superfluid 
cryogenic leaks which could not be fixed with the resources available at the time became 
an impediment to our previously routine production of trapped hydrogen atoms. The 
laser systems will have to await further development of a new trapping apparatus for the 
realization of these experiments. 
In the mean time, however, we have developed a fully controlled octave-spanning 
frequency comb, suitable for metrology applications in general, as well as time domain 
applications where the carrier-envelope phase control of the laser pulses is important. The 
complete noise analysis performed in such systems represents an important contribution 
to the understanding of the carrier-envelope phase dynamics of mode-locked lasers. f i r -  
thermore, we have gained insight into new possible mechanisms of carrier-envelope phase 
control that offer the potential for ever lower carrier-envelope phase jitter and at the 
same time a cheaper and simpler system. 
This thesis is organized as follows: A quick review of the fundamental aspects of 
Kerr-lens mode-locked lasers and their application to frequency metrology is presented 
in Chapter 2. The discussion aims at introducing the inexperienced reader to the topic as 
well as to motivate the development of octave-spanning lasers. In Chapter 3 we present 
the theory which describes the dynamics of ultrashort pulse generation, with the goal 
of understanding the mechanisms that lead to the generation of very broad spectra. 
We follow with a discussion of the technological challenges that need to be overcome 
to allow for octave-spanning spectra to be created directly from the laser. Chapter 4 
describes t8 he first experiment a1 implement ation of a prismless oct ave-spanning laser, 
with emphasis on the resonator design and carrier-envelope frequency detection setup. A 
discussion ,of the importance of the output coupler design on the generated spectrum is 
also presented. In Chapter 5 we present the details of the experimental implementation 
of the frequency comb stabilization, namely the control of the carrier-envelope frequency 
and laser repetition rate. In Chapter 6 we present a detailed discussion of the carrier- 
envelope phase dynamics in octave-spanning lasers and its impact in the noise analysis 
of such sys;tems. We derive a transfer function representation of the octave-spanning 
laser and incorporate that into the analysis of the carrier-envelope phase locked loop 
to obtain excellent agreement between the measured and modeled residual phase noise. 
We discuss a possible new scheme for carrier-envelope phase control which circumvents 
fundamental as well as technical limitations of the current method of control by pump 
power modulation. Chapter 7 briefly describes how the developed system is to be used for 
making precise optical transition frequency measurements in ultracold atomic hydrogen. 
Finally, Chapter 8 concludes with a brief summary and outlook. 
Chapter 2 
Kerr-lens Mode-locked Lasers for 
Metrology Applications 
The use of femtosecond lasers for frequency comb generation has revolutionized the tech- 
nology of frequency metrology over the last 7 years. Previously, optical frequency mea- 
surements required large, expensive and labor intensive harmonic frequency chains. These 
chains consisted of an array of diode lasers and oscillators that could coherently link an 
optical frequency to the cesium standard. A serious drawback was that significant effort 
was required to measure a different frequency if it was more than a few hundred GHz 
away from the original. An example can be seen in Fig. 2-1 [3], which linked the PI -' So 
intercombinat ion transition of atomic 40Ca in a magneto-optical trap to the cesium stan- 
dard at the Physikalisch-Technische Bundesanstalt (PTB) in Braunschweig, Germany. 
The construction of these chains was so labor intensive that they became accessible only 
to a few large scale laboratories around the world. 
In 1999, T. W. Hansch and his group at the Max-Planck Institute in Garching, Ger- 
many developed a totally new approach to optical frequency measurements, based on 
ultrashort pulsed lasers[4] (51 [6]: in the frequency domain, the continuous pulse train 
emitted from a mode-locked laser consists of a comb of equally spaced optical lines which 
map, in one single step, two radio frequencies fR and fcE onto an optical frequency v, 
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Figure 2-1: Frequency chain built at the PTB to link the Cs standard at 9.2 GHz to an 
intercombination line in 40Ca. 
via a large integer number on the order of one million. Thus, precise control of fR and fcE 
entitles full control of all the optical lines within the comb spectrum, generating a precise 
ruler with which to measure both large frequency differences and absolute frequencies in 
the optical region. Although Hansch et al. had recognized the existence of the frequency 
comb properties of short pulses back in 1977[7], it was not until the advent of broadband 
femtosecond lasers that such realization became a reality. 
The experiments by the Hansch group revealed that the frequency comb lines emitted 
by a mode-locked laser are remarkably coherent. The mode spacing across the comb (even 
after spectral broadening in a standard single-mode optical fiber) was confirmed to be 
uniform within 3 parts in 1017 and the mode spacing was found to agree with the laser 
repetition frequency within 6 parts in 1016[8]. These experiments guaranteed the great 
potential of femtosecond frequency combs as clockworks for ultra-high precision frequency 
metrology. 
In this chapter, we present an overview of the implementation of mode-locked lasers 
as optical rulers. Section 2.1 gives a basic introduction to Kerr-lens modelocked lasers, 
specifically to the concept of Kerr-lensing (Section 2.1.1) , which leads to the generations 
of ultrashort pulses. A description of the typical laser systems used for frequency comb 
applications is given in subsection 2.1.2, followed by a derivation, in 2.2 of the spectrum of 
the mode-comb and an overview of the main aspects involved in its stabilization. Finally, 
Section 2.3 hopes to motivate the reader to the development of comb systems based on 
oct ave-spanning lasers. 
2.1 Kerr-lens mode-locked lasers 
There are several different techniques for generating short pulses, or equivalently, the las- 
ing of many longitudinal modes in a phase synchronous fashion. The earliest development 
consisted of what is known as active mode locking, where an active element (for example 
an electro-optic modulator) is placed in the cavity and modulates the intracavity losses 
at a frequency precisely tuned to the inverse cavity round-trip time. The resulting pulse 
width in such lasers is limited by the electronic speed of the modulator, giving at  best 1 
ps pulse duration. This limitation is overcome in passively mode-locked lasers, where the 
loss (or gain) is modulated by the pulse itself. Since in such lasers the net gain window 
shortens with the pulse, passively mode-locked lasers can generate much shorter pulses 
than actively mode-locked lasers. 
For passive mode locking to occur, a suitable saturable absorber mechanism is re- 
quired. There are two distinct operating regimes which are differentiated by the relation- 
ship between the recovery time of the absorber T and the final pulse width r. When 
T > I-, we have slow saturable absorber mode locking 191, where the pulse is generated by 
a dynamic interplay between saturable gain and loss. In this case, gain saturation occurs 
on the time scale of the pulse itself. This is the case for semiconductor or dye lasers, 
which have large enough cross section for stimulated emission for the pulse to saturate 
the gain medium in a single pass. When T << r and the absorber reacts instantaneously 
to the pulse, we get fast saturable absorber mode locking [lo]. In the case of solid-state 
lasers, where the pulse energy is not large enough to saturate the gain medium in one 
single pass due to small gain cross sections, gain saturation on the time scale of the pulse 
can be neglected. Therefore, a fast saturable absorber must be present to open and close 
the gain witidow immediately before and after the arrival of the pulse. 
Saturable absorption which is quasi-instantaneous has so far only been achieved 
through artzjicial absorbers by two methods: Kerr-lens mode locking (KLM) (see, for ex- 
ample, [l 11 [I21 [13]) and Aditive-pulse mode locking (APM) (see, for example, [14] [15] [16]). 
Specifically, in KLM, the self-focusing which occurs in the gain medium due to the non- 
linear Kerr effect, combined with a soft aperture created by the overlap of the laser beam 
with the gain profile creates a fast saturable absorption due to the ultrafast response of 
the Kerr effect, which is expected to be as fast as a few femtoseconds. 
2.1.1 Self-focussing due to the Kerr effect 
In a Kerr medium, the refractive index n is intensity dependent and for high enough 
intensities this nonlinearity becomes import ant 
where n2 is the nonlinear index and I is the laser intensity. The Gaussian intensity profile 
of the beam 
generates also a Gaussian index profile in the material, which can be approximated by a 
parabolic index medium in the center of the beam by expanding 2.2 up to second order 
with 
Such a parabolic index medium is equivalent to a lens. It can be shown that the ABCD 
propagation matrix for a medium of thickness 1 under normal incidence is given by[18] 
which in fact reduces to the ABCD matrix for a thin lens in the limit where 1 + 0 
while nby21 remains constant. Therefore, we can see that for high enough intensities, the 
transverse intensity profile of the beam generates focussing of the beam itself. 
Such self-focussing of a Gaussian beam in a nonlinear medium is exploited in a Kerr- 
lens Mode-locked (KLM) laser to generate an artificial saturable absorber action and 
create short pulses. As the beam enters the nonlinear medium, the beam slightly focusses, 
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Figure 2-2: Schematic diagram of Kerr-lens mechanism. Above: low intensities experi- 
ence higher losses as the light does not pass completely through the apperture. Below: 
high intensities, in contrast, experience no loss since the light gets fully transmitted 
through the apperture. 
and the focussing increases with increasing light intensity. If an effective aperture is 
placed at the correct position, a saturable absorber can be created by allowing high 
intensities to be fully transmitted while low intensities experience losses (see Fig. 2-2). 
Since pulses produce higher peak powers than CW light, they will experience lower losses, 
causing this mechanism to favor pulsed over CW operation. 
2.1.2 Typical KLM Ti:sapphire lasers 
KLM Ti:sa,pphire lasers represent the basic building block for frequency comb generation. 
There, the nonlinear medium is also the gain medium, i.e. the Ti:sapphire crystal. An 
effective aperture is created by the proper selection of the pump mode size in the crystal. 
In this casc-t, the change in the laser beam waist enhances the overlap between the laser 
mode and the pump mode and therefore enhances the gain of the self-focused laser mode. 
As a consequence, because the pulse peak sees higher gainllower losses than the wings, 
the pulse shortens in each round trip. The response time of the nonresonant Kerr effect 
is on the order of a few femtoseconds, allowing the nonlinear index of refraction to follow 
the pulse almost inst ant aneously, enhancing the KLM act ion. 
The ultimate limit on pulse width in a KLM laser stems from an interplay between 
KLM action, dispersion management and net gain bandwidth. An important reason for 
using Ti:sapphire is the fact that its gain bandwidth extends over 400 nm, from 680 nm 
to 1080 nm (191 and lasing can be obtained beyond this bandwidth. If the KLM laser can 
support a pulse short enough such that its spectrum spans beyond the gain bandwidth 
of Tisapphire, a spectrum which spans a full octave can be achieved. The achievement 
of such octiive-spanning spectra is the central topic of this thesis and will be discussed 
in great detail in the following chapters. More often however, the typical pulse widths 
which can be achieved ranges from 10 to 30 fs, which has a spectrum well below one 
octave. 
A schematic of a typical KLM Ti:sapphire laser can be seen in Fig. 2-3. The crystal is 
pumped by green light, typically from a diode-pumped solid-state laser emitting around 
5 W of 532 nm light. A prism pair is placed in one of the cavity arms, introducing 
negative dispersion onto the pulse to compensat e for positive dispersion in the laser 
crystal. Such setups are widely available commercially and represent the most common 
type of frequency comb setup. 
The advantage of being commercially available and relatively simple to build is offset 
by many drawbacks. First, in order to be utilized as an optical ruler, the frequency comb 
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Figure 2-3: Schematic of traditional KLM Ti:sapphire laser. Prism pairs provide the 
dispersion balancing to allow for short pulse sustainable operation. 
needs to be broadened in microstructure fibers to generate an octave of spectrum [20]. 
Although microstructure fibers can easily broaden the femtosecond laser spectrum to 
bandwidths exceeding one octave, they have severe limitations with regard to long-term 
operation in optical clockworks, since the burning of the tips of these fibers under high 
intensities requires const ant re-alignment and even replacement of the fiber. The carrier- 
envelope (CE) phase noise added by amplitude-to-phase conversion in microstructure 
fibers has been thoroughly investigated by Fort ier et. a1 [2 11 [22]. They found that ampli- 
tude noise in the output light might mask the heterodyne beats in the radio-frequency 
spectra if too much broadening is necessary. Second, having prisms for dispersion com- 
pensation limits the choice of repetition rates in such laser systems: in order to introduce 
negative dispersion, the prism sequence needs to be at least about 30 cm apart, intro- 
ducing an upper bound for the repetition rate of about 100 MHz. In metrology, high 
repetition rates are desirable for two reasons: first, they provide more power per comb 
line, allowing for higher signal-to-noise ratios when heterodyning with CW lasers; second, 
the comb lines can conveniently be resolved with commercial wave meters. 
2.2 The spectrum of the mode comb 
Let us consider a periodic pulse train emitted by a mode-locked laser, where the pulse du- 
ration is much shorter than the time interval between pulses. If the pulses are unchirped, 
i.e. their frequency does not vary with time, it is straightforward to decompose the 
electric field of each pulse into a carrier wave and an envelope function ~ ( t ) :  
where w c  is the carrier frequency and OcE is the relative phase between the carrier and 
the envelope. As the pulse propagates through dispersive elements in the laser cavity, 
the carrier propagates at the phase velocity while the envelope propagates at the group 
velocity, thus causing $CE to evolve. There are also nonlinear contributions to q5cE, that 
will be described in detail in Chapter 6. Here, the important thing is to note that when 
such a pulse undergoes one round trip in the laser cavity, the dispersive and nonlinear 
contributions will cause its phase to change over time, such that each time it gets coupled 
out through the output coupler, perturbations will cause the phase to have a different 
value. In reality, 4 C E  will evolve over many cycles, but for our purposes it is only the 
change modulo 27~ that matters. We will designate this quantity by A6cE. 
For the periodic pulse train, we can write the electric field as 
where T is the round trip time of the pulse in the laser cavity. A schematic of the electric 
field of two consecutive pulses can be seen in Fig. 2-4. We have made the substitution 
Figure 2-4: Schematic picture of the electric field of two consecutive pulses coupled out 
from a mode-locked laser. T is the round trip time in the laser cavity and A&, is the 
phase slip between the two consecutive pulses. 
4 C E  = &, + nA$CE for the phase of the nth pulse. The spectrum is found by taking the 
Fourier tra,nsform of the above expression: 
Making the change of variables t' = t - nT, we get 
where 2(w - wc) is the Fourier transform of the pulse envelope. Using the Poisson formula 
t o o  . $03 e z n p  = 6(p -  rn2a), we find that the spectrum of an infinite train of pulses 
consists of discrete comb lines underneath the spectrum envelope: 
with frequencies given by w, = $(2am + A$cE) . Converting from angular frequency, 
we obtain for the spectrum of the mode comb 
where fCE = =  fR /21~ and fR is the laser repetition rate, or the inverse cavity round- 
trip time. 
Equation 2.11 makes it clear that two RF frequencies fR and fcE uniquely determine 
the frequency of each comb line in the laser spectrum. Therefore an optical ruler with 
millions of stable optical lines can be obtained by precise control of these two quantities. 
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Figure 2-5: Schematic representation of the frequency domain picture of short pulses. 
The spacing between the comb modes is the inverse round trip time in the laser cavity. 
The offset frequency fcE is the manifestation in the frequency domain of the carrier- 
envelope phase A$cE. 
A schematic of the frequency comb is shown in Fig. 2-5. 
2.2.1 Self-referenced control of fcE 
The simplest and most widely used technique for controlling the carrier-envelope phase 
of ultrashort pulses, the f - 2 f self referencing stabilization scheme was first imple- 
mented by researchers at JILA and NIST in 2000 , soon followed by the Max Plank 
I 
institute [5] 1231 [24]. Self-referencing provides a measurement of fcE without the need 
I 
for any external reference, such as a molecular or atomic transition. In this method, 
the long wavelength part of the spectrum is doubled and brought to interference with 
I 
the short wavelength part. If the comb spectrum is sufficiently broad that it covers an 
I 
optical octave, the doubled part of the spectrum will overlap with the high frequency 
end, permitting direct carrier-envelope frequency detection. By heterodyning of these 
two spectral components, the beat frequency yields 
As will become clear in the following chapters, in a mode-locked laser fcE has both 
a linear and a nonlinear contribution. Given an error signal, by comparing fcE with 
a stable RF signal via a phase detector, an active control can be implemented in two 
distinct ways, by controlling either the beam insertion in the prism [5] or the pump power 
[25]. In the first method, the end mirror of the laser in the arm which contains the prism 
pair (see Fig. 2-3) is rotated about and axis perpendicular to the beam path, which 
has the effect of changing the relative path length between short and long wavelengths, 
which is equivalent to a group delay. In the second method, in which the pump power 
is controllet:l, the change in fcE will be due to the nonlinear contribution to the carrier- 
envelope phase. A change in the pump power has the effect of changing the nonlinearity 
in the crystal due to the Kerr effect, which in turn affects both the group and phase 
velocities of' the pulse. Because this is the method employed in this work, it will be 
described in. great detail in the following chapters. 
2.2.2 Repetition rate control 
After implementation of the self-referenced lock, the absolute position of the comb is 
fixed, but the spacing between the lines still drifts due to perturbations in the repetition 
rate caused mainly by cavity length fluctuations. The repetition rate is stabilized by 
feeding an error signal to piezo actuators which control the cavity length. The reference 
which is used for this lock will depend on the experiment in question. Very often, the 
repetition rake is locked to a microwave generator locked to the cesium standard. If care is 
not taken to reduce noise in the detection process, this kind of lock might end up printing 
electronic noise on to the optical comb lines, which are the one millionth harmonics of 
the fundamental repetition rate in the case of 100 MHz lasers. For this reason, typically 
the 20th harmonic of repetition rate is detected instead of the fundamental [6],[5],[24]. 
If an optical transition is used as a reference, the achievable precision is greatly 
increased. In this case, a CW laser locked to an atomic or molecular transition is het- 
erodyned with a comb line, and the beat signal can then be phase locked to a very 
stable oscillator. Depending on the stability of the CW laser, such a lock can generate 
a very stable clock signal. This fact provides the basis for the implementation of fre- 
quency combs as the clockwork in atomic clocks based on optical transitions [26],[27]. 
There, the incredibly high quality factor of some optical transitions can be transferred 
phase-coherently, in one single step, from hundreds of terahertzs down to hundreds of 
megahertz. 
2.3 Octave-spanning lasers: why? 
Although an octave of spectrum can be generated by spectral broadening in microstruc- 
ture fiber, the discussion in Section 2.1.2 made it clear that there are many potential 
advantages to using a laser that can generate an octave directly. Therefore, much ex- 
perimental effort has been devoted to developing more reliable, more stable, and simpler 
optical clockworks without the need for external spectral broadening. Because no laser 
gain medium has a gain bandwidth which spans an octave, nonlinearity plays an impor- 
tant role in octave-spanning lasers, generating spectrum well beyond the gain bandwidth 
of the laser crystal. The first demonstration of an octave-spanning laser utilized a second 
intracavity focus on a glass material to enhance the nonlinearity [28]. More recently, 
there have been several demonstrations of Kerr-lens mode locked Ti:sapphire lasers that 
utilize the laser crystal alone as the nonlinear medium [29] [30]. 
By eliminating the microstructure fiber, issues of coupling and damage are also elim- 
inated. The very small core diameters of microstructure fibers cause the coupling to 
degrade over time due to great alignment sensitivity. Also the high intensities which 
are present tend to burn the tips of the fibers over time. Both these effects pose a 
I 
limit of at most 10 hours on the duration of experiments. Although this is likely to be 
long enough for many applications, optical clockworks need to run continuously for days 
without interruption. Octave-spanning laser development provides great potential for 
this achievement. 
The system developed in this thesis is the first realization of an octave-spanning laser 
where the ultrabroadband dispersion control is achieved with mirrors only, eliminating 
the need for intracavity prisms. Other octave-spanning lasers have been demonstrated 
which utilize intracavity prisms 1301. However, prismless cavities have the advantage of 
being scalable to high repetition rates, more convenient for metrology. Correspondingly 
the cavity size can be scaled down to create very compact systems which are more stable 
against environmental perturbations, therefore enhancing the long term stability. 
Other a,pproaches are being explored beyond octave-spanning lasers to control fcE 
without the need for fiber broadening. Ti:sapphire laser systems with repetition rates up 
to 1 GHz have been fCE phase stabilized without the need for external broadening using 
the more complex 2 f - 3 f self-referencing technique 1311. More recently, direct f - 2 f self- 
referencing has also demonstrated with these high repetition rate lasers 1321. Also, fcE 
has been detected in few-cycle Ti:sapphire lasers using the interference between spectral 
components generated by self-phase modulation (SPM) and second-harmonic genera- 
tion (SHG) in thin ZnO crystals [33][34] and using the interference between SPM and 
difference-frequency generation (DFG) in a periodically-poled lithium niobate (PPLN) 
crystal [35]. Fiber laser-based frequency combs are also an attractive alternative for 
metrology because of their turnkey operation [36] [37] [38]. However, at present measure- 
ments of fCE in these lasers exhibit significantly higher linewidths relative to Ti:sapphire, 
indicating increased phase fluctuations compared to Ti:sapphire laser-based combs. This 
results in decreased short-term stability and longer averaging times for precision mea- 
surement s. 
This field is far from having reached a final stage and new developments are published 
every few months. The system which will eventually prove to be the preferred optical 
clockwork for optical atomic clocks is yet to be determined. However, the development 
presented in this thesis represent a significant step in this direction. 
Chapter 3 
Octave-spanning lasers: theory and 
challenges 
In this chapter, we will give a brief overview of the theory needed to understand the 
generation of octave-spanning spectra directly from the laser. We will start by intro- 
ducing the master equation for mode locking, which describes the dynamics of the pulse 
formation process, in a general and straightforward fashion. We will then apply it to the 
case of the Ti:sapphire lasers developed here. This is followed by a discussion in Section 
3.3 of the main technical challenges that must be overcome to enable the generation of 
ultrabroadband spectra. 
3.1 The master equation for mode locking 
The Master. Equation of Mode Locking was first derived by H. Haus in 1975 [39] to 
describe the dynamics of the pulse formation process in mode locked lasers. His derivation 
is based in the assumption that the pulse undergoes only small changes in each round trip 
through the resonator. Therefore, a natural time scale to consider in the pulse evolution 
is the cavity round trip time TR. The change in the pulse envelope in one round trip can 
Figure 3-1: Schematic of fast saturable absorber mode-locking pulse evolution, described 
by the Master Equation of Mode Locking. The two time scales describing the pulse 
evolution and resulting shape, T and t, are shown in the diagram. 
then be written as 
where A(T, t )  is the slowly varying field envelope. The evolution of A(T, t )  is examined 
in two time scales, which are depicted in the diagram of Fig. 3-1. The global time T 
is coarse grained on the time scale of the cavity round trip time, while the local time 
t resolves the pulse shape itself. A(T, t)  is normalized to the instantaneous power such 
that I A ( ~ ) I ~  = P(t) .  
The description of mode-locking in terms of a pulse envelope dependent on the variable 
t that evolves in time according to 3.1 can be described interchangeably by a pulse 
spectrum that evolves on the same time scale T. Thus, the Master Equation of Mode 
Locking can  be written in either the time or frequency domain, simply by taking the 
Fourier-transform according to 
In a passively mode locked laser, the resonator is composed of elements of gain, loss 
and saturable absorption. Let us start by considering the gain. As described in Section 
2.1, for Ti:sapphire the gain does not react on the time scale of the pulse itself but on 
the average power. Let us consider a gain medium with a Lorentzian gain profile 
In the limit in which the pulse spectrum is narrow compared to the gain bandwidth 
fl,, we can make a parabolic approximation to Eq. 3.4 to obtain an expression for the 
amplitude changes to the pulse spectrum over the time T by 
Which gives in the time domain 
where the second derivative comes from taking the Fourier transform of a Lorentzian gain 
profile with width $2, under a parabolic approximation. g(T) is an average gain, which 
can be computed by averaging the rate equation over one round trip [17]. 
The effect of the linear, non-saturated cavity loss is simple 
where lo is the loss per round trip. The round trip change in the pulse due to the saturable 
absorber has the same form as 3.6, replacing lo by q(t), the response function of the sat- 
urable absorber. For the case of fast saturable absorption, q(t) responds instantaneously 
to the pulse power 
1 
which, in the limit of small saturation, can be expanded to give 
This gives a contribution to the change in the pulse over a round trip of 
Thus, the total change due to all the above contributions is 
Which leads to the simplest form of the master equation 
where g = g(T) and 1 = lo + qo. This equation has a steady state solution, when 
AA(t, T)total = 0, given by a hyperbolic-secant shaped pulse A(t) = Aosech(t/r), with 
the pulse width given by the relations 1/r2 = yA$i/2g and I - g = g/flir2. Although it 
is not a stable solution, it gives analytic insight to this formalism. A stabilized solution 
can be obtained if saturation of the absorber is explicitly included 1401. 
3.2 Pulse dynamics in octave-spanning lasers 
For femtosecond lasers, the high peak intensities render the nonlinear self-phase mod- 
ulation (SPM) effect occurring in the nonlinear laser medium appreciable, as well as 
the influence of dispersion on the pulse formation. Therefore, an appropriate model to 
describe the dynamics of short pulses needs to include such effects in the master equa- 
tion. In order to clearly understand how these terms are included, a short detour on 
nonlinear pulse propagation will be given. Then, we will present a modified master equa- 
tion which describes the pulse dynamics in our octave-spanning lasers, a regime called 
dispersion-managed mode-locking. 
3.2.1 Nonlinear pulse propagation 
In this section we present a phenomenological derivation of the effects of dispersion and 
nonlinearity on the pulse propagation. The electric field of a pulse propagating in a 
nonlinear dispersive medium is given by 
which is the sum of plane waves with frequency fl . In a dispersive medium the refractive 
index varies with frequency. Therefore the wave vector has the frequency dependence 
K ( 0 )  = n(S2)fl/co, where co is the speed of light in vacuum. If the spectrum of E(z, t)  
is centered at wo, we can make the transformation of variables: w = fl - wo, k(w) = 
K(fl) - K (wo) and write the electric field as a carrier and an envelope function: 
where 
Taking the derivative of Eq. 3.12 with respect to x we get 
To consider both the effects of dispersion and nonlinearity, recalling Eq. 2.1 we write the 
index of refraction as n(0,  I) = n(a)  + n21, where I(x, t )  = lA(z, t)12 /Ae f f ,  Aeff  being 
the laser mode cross sectional area in the nonlinear medium. This gives the following 
expression for the wave vector K(Q) 
If we assume that the spectrum is narrow such that w << wo, we can consider only the 
nonlinear term which contains the center frequency wo and incorporate this expansion 
into Eq. 3.13. Remembering that in a Fourier transformation wn e (-ig)", we obtain 
an equation describing the nonlinear propagation of the pulse envelope in a nonlinear 
medium 
IA('> t, 1 2 ]  A(z, t ) .  ""' = [i Dn (-i;) + i-n2 
ax 
n=l C A,,, 
W e r e  Dn = 5 I is the nth order dispersion coefficient. The first term in the wo 
sum describes the simple propagation of the pulse at the group velocity ug = l/D1. 
We eliminate this trivial propagation by a coordinate transformation to the local time 
t' = t - z /ug ,  z = z'. In this derivation, t' corresponds to the local time t  in the master 
equation. We have eliminated the prime to simplify the notation. If we consider only the 
effect of second order dispersion and nonlinearity on the pulse propagation, we obtain the 
nonlinear Schrodinger equation (NLSE) in which the potential energy term is proportional 
to the square of the envelope function itself 
This equation describes the propagation of a soliton, i.e. a pulse which propagates 
in a nonlinear dispersive medium without changing its shape. The stability is due to 
the balance between the nonlinearity (SPM) and the dispersion. Soliton propagation is 
a general physical phenomenon and is described extensively in the literature (see, for 
example [4 11 ) . 
3.2.2 The modified master equation 
From the previous discussion, it becomes clear how to include dispersion and self-phase 
modulation into the master equation. We can replace the longitudinal coordinate z in 
the NLSE by the global time coordinate T in the master equation by the transformation 
T = z/v, =% 8/82 = TR/L d / d T .  If we include also the effects of gain and loss already 
described irl Sec. 3.1, the dynamics of a laser mode-locked with a fast saturable absorber, 
that produces pulses short enough to "feel" the effects of dispersion and nonlinearity is 
described b,y the master equation 
Here, Df = g / R i  is the effective gain curvature, and the associated filtering action 
is represented by D~ &A. For octave spanning lasers, gain filtering is an important 
factor limiting the ultimate pulse width, by causing a monotonic increase in loss with 
decreasing pulse width. Now, D2 = $$LIZ is the group-velocity dispersion (GVD) 
, 
parameter for a medium of length L with wave number k ( w )  . The Kerr coefficient is 6 = 
(2.rr/Xc)n2L/Aeff, where Xc is the carrier wavelength, nz is the nonlinear index in cm/W, 
and Aeff is the effective mode cross-sectional area in cm. To simplify the dynamics, the 
gain is taken to follow adiabatically the intracavity pulse energy as applicable for a gain 
I 
medium with a relatively long relaxation time (which is the case for Ti:sapphire lasers). 
This equation has a simple steady state solution [42] 
A through discussion of the impact of the variation of different parameters on the pulse 
solution is given in [40]. Analogously to the NLS'E, a chirpfree soliton (/3 = 0 )  solution 
exists for weak gain filtering (small Df) and small self-amplitude modulation (SAM) 
coefficient y 
t A (T, t )  = Aosech(- ) e-i'~A0~2*/2T~ 
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where we can see that the pulse acquires a phase shift per round trip due to the Kerr effect 
of -+6 I A ~  1 2 .  This nonlinear contribution to the phase manifests itself in the frequency 
domain by contributing to the carrier-envelope offset frequency a term dependent on 
intensity equal to - $ b ~ : .  
Equation 3.16 describes the pulse evolution in a medium with continuously distributed 
dispersion and SPM [43]. However, as first pointed out by C. Spielmann et. a1 1441, for 
lasers generating pulses as short as 10 fs and below, large changes in the pulse width occur 
within one round trip through the resonator because the dispersive elements, positive and 
negative, as well as the SPM section are placed discretely and the ordering of the elements 
of the resonator has a large impact on the resulting pulse width. This effect was first 
observed in a fiber laser and is called stretched-pulse mode locking [45]. 
The spectral bandwidth of our octave-spanning Ti:sapphire lasers indicate that the 
pulse propagating in the cavity should be as short as 5 fs (measured spectra will be shown 
in the experimental results). Therefore, we should consider the impact of the discrete 
action of dispersion and nonlinearity in the laser on the spectral shape of the laser pulses. 
Figure 3-2: Scehmatic representing the order of the dispersive and nonlinear elements in 
the resonator. 
A mode-locked laser consists of a gain medium (i.e., the Ti:sapphire crystal) and dis- 
persion balancing components, in our case double chirped mirrors (DCMs). The system 
can be decomposed into the linear resonator arms and the nonlinear gain crystal, see Fig. 
3-2[43]. To achieve the shortest pulses, the net dispersion in the cavity should be close to 
zero. However, the dispersive elements individually produce significant group delay over 
the broad bandwidth of the laser pulse. It has been shown in [46] that nonlinear propaga- 
tion along dispersion-managed fiber near zero net GDD possesses a narrower spectrum in 
the segment of positive dispersion than in the segment of negative dispersion. Thus, the 
effect of negative dispersion is greater than that of the positive dispersion and imparts 
to the pulse an effective net negative dispersion. This effective negative dispersion can 
balance the Kerr-induced phase, leading to steady-state pulses analogous to the soliton 
case discussed above, but they are not secant-hyperbolic in shape. Figure 3-3, taken from 
[43] shows s numerical simulation of a self-consistent solution of the pulse propagation 
problem over one round trip through the resonator. But in contrast to Eq. 3.16, here 
the pulse undergoes large changes in one round trip due to the discrete positioning of the 
different elements, and the equation needs to be formulated, analogously to the NLSE, in 
terms of the longitudinal variable z .  The pulse first propagates in a linear medium with 
negative dispersion and then propagates in a nonlinear medium with positive dispersion 
and self-phase modulation. This is accounted for in the modified master equation by 
making the coefficients functions of the longitudinal variable z. Implicit in the transfor- 
mation of variables from T to z the coefficients D2, 6, g, 1 and q are now defined per 
+ 
dispersion 
t/to Frequency 
Figure 3-3: Numerical simulation of pulse shaping over one round trip in the resonator. 
(a) and (b) represent the pulse width in the time and frequency domain, respectively. 
The dispersion map can be seen on the left-hand side. 
unit length. The modified master equation for the case of dispersion-managed soliton 
formation is given by 
The steady-state pulse formation can be understood in the following way. By sym- 
metry the pulses are chirp-free in the middle of the crystal. A chirp free pulse starting in 
the center of the gain crystal, i.e., nonlinear segment, is spectrally broadened by the self- 
phase modulation and disperses in time due to second order dispersion, which generates 
a linear chirp over the pulse. Subsequently, the pulse experiences negative dispersion in 
the arms of the laser resonator, which compresses the dispersed pulse to its transform 
limit at the end of each arm, where an output coupler can be placed. Back propagation 
towards the crystal imposes a negative chirp, generating the time reversed solution of 
the corresponding master equation. Therefore, subsequent propagation in the nonlinear 
crystal is compressing the pulse spectrally and temporally to its initial shape in the cen- 
ter of the crystal. As can be seen in Fig. 3-3, the pulse width can vary substantially 
within a round trip. This fact will be important in our later analysis of the nonlinear 
contributions to the carrier-envelope frequency of octave-spanning lasers. 
In a laser where the negative dispersion is equally distributed in both arms of the 
resonator, which is the case for the octave-spanning laser described here, the pulse runs 
through the dispersion map twice per round-trip. The pulse is short at each end of the 
cavity and, most importantly, the pulses are identical in both paths through the crystal, 
which exploits the KLM action twice per round trip [47] in contrast to an asymmetric 
dispersion distribution in the resonator arms, as is the case for lasers with intracavity 
prisms for dispersion compensation. Thus, a symmetric dispersion distribution may lead 
to an effective saturable absorption that is twice as strong as an asymmetric dispersion 
distribution, which results in substantially shorter pulses in prism less lasers. 
In octave-spanning lasers, the observed output spectrum extends well beyond the gain 
bandwidth of Ti:sapphire. Rather, the mirrors and output couplers are what form a hard 
spectral filt'er for the pulse. In this case, the saturable absorber action is strong enough 
to generate spectrum beyond the high reflectivity bandwidth of the output coupler and 
the output spectrum shows strong wings due to the enhanced output coupling. This 
will become evident when we show the experimental results in Chapter 4. The pulse is 
still shaped by the interplay between dispersion and self-phase modulation analogous to 
soliton formation. However, this pulse is not stable in the presence of a finite spectral 
filter bandwidth. Stabilization is achieved by saturable absorber action due to KLM that 
favors the pulse and suppresses background radiation that can benefit from the peak of 
the gain at the passage of the pulse through the crystal. 
3.3 Technical challenges in generating octave-spanning 
spectra 
To make use of the full potential of the dispersion-managed soliton pulse formation, 
several technical challenges need to be overcome. We will highlight here the three most 
important aspects to be considered in the design of such ultrabroadband lasers. 
3.3.1 Resonat or design 
The first important aspect in designing octave-spanning lasers is to incorporate the Kerr 
effect into the laser design, by finding a configuration which maximizes the artificial 
saturable absorber action in the laser crystal. As mentioned earlier, fast saturable ab- 
sorption is obtained by combining the self-focusing due to the Kerr effect in the crystal 
with a soft aperture caused by the proper selection of the pump mode size in the crystal. 
In this case, the change in the beam waist enhances the overlap between the laser mode 
and the pump mode and therefore enhances the gain of the self-focused laser mode, as 
can be seen in the schematic in Fig. 3-4. 
The proper resonator design for optimum KLM is a complex, time-consuming prob- 
lem. In order to map out the complete parameter range of the laser system, a complete 
spatiotemporal evolution of the pulse needs to be done numerically, until steady state is 
reached, which is a challenging task even with todays computers. However, a resonator 
design based on ABCD matrices similar to Eq. 2.5 or q-parameter analysis, where the 
KLM is modeled by an intensity-dependent lens, already gives a good starting point 
for the laser construction. The final optimization is then done by the experimentalist 
by varying the cavity parameters in order to achieve the strongest KLM, i.e., broadest 
spectrum. More details on the optimization process will be given in the next chapter. 
CW mode mode locked mode 
crystal 
Figure 3-4: Schematic of soft aperture effect due to differentiation between pump mode 
size and CW operation mode size. Gain is enhanced in mode locked operation due to 
better overlap with gain region, given by the pump mode volume. 
3.3.2 Dispersion management 
The second. essential element in the generation of octave-spanning spectra is a mirror 
technology that supports an octave-spanning spectrum with high reflectivity and custom 
designed dispersion properties. For this purpose, Kartner et. a1 invented so-called double- 
chirped mirror pairs (see Figs 3-5 and 3-6 ). DCMs have been developed to enable precise 
dispersion control and high reflectivity simultaneously over a fractional bandwidth of as 
much as A f / f, = 0.4, where fo is the center frequency of the pulse [48] (491. DCMs 
work on the principle of chirped mirrors, where the Bragg wavelength of the mirror pairs 
is continuously chirped to generate a wavelength-dependent penetration depth into the 
mirror. However, chirping of the Bragg wavelength is not enough to accomplish this. 
In addition to the Bragg wavelength, impedance matching has to be ensured such that 
the waves do not encounter spurious reflections before the turning point in the mirror 
is reached. Both the Bragg wavelength and the impedance matching have to be tuned 
over the operation wavelength of the mirror which is emphasized by the name double- 
chirped mirror[49]. Most importantly to avoid reflections at the surface of the mirror 
tto the air, a high quality antireflection (AR) coating is necessary. To avoid spurious 
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Figure 3-5: (a) Standard Bragg mirror, (b) simple chirped mirror, (c) double-chirped 
mirror (DCM) with matching sect ions to avoid residual reflect ions that cause undesired 
oscillations in the group delay (431. 
reflections during propagation through the grating structure, the grating is switched on 
adiabatically by increasing the thickness of the high index laser continuously from small 
values to a quarter wave thickness, see Fig. 3-5(c). However, to extend this concept 
to cover one full octave, i.e., A f 1 fo = 0.66, the requirements on the quality of the AR 
coating of such mirrors become impossible to realize and even after re-optimization of 
the mirror, a small amount of impedance mismatch is still present leading to undesired 
large oscillations in the GDD. 
The high reflectivity range of the back mirror can easily be extended to one octave by 
simply chirping slow enough and a sufficient number of layer pairs. However, the smooth- 
ness of the resulting GDD strongly depends on the quality of the matching provided by 
the AR coating. 
The reflections occurring at the AR coating, similar to those in Gires-Tournois inter- 
ferometers (GTIs), add up coherently when multiple reflections on chirped mirrors occur 
inside the laser over one round trip, leading to pre- and post pulses if the mode locking 
mechanism is not strong enough to suppress them sufficiently. Experimental results in- 
dicate that a residual reflection in the AR coating of r < 0.01, depending on the number 
of reflections per round trip, is required so that the pre- and post pulses are sufficiently 
suppressed. This corresponds to an AR coating with less than residual power re- 
flectivity, which, for a bandwidth approaching one octave, is not any longer possible. A 
way out of this limitation is offered by the observation that a coherent subtraction of the 
pre- and post-pulses to first order in r is possible by reflections on a mirror pair MI and 
M2, see Fig. 3-6. A series of two reflections on mirror MI and on a similar mirror M2 
with an additional phase shift of 71 between the AR coating and the back mirror leads 
to coherent subtraction of the first-order GTI effects. 
Figure 3-7 shows in the top graph the designed reflectivity of both mirrors of the pair 
in high resolution taking into account the absorption in the layers. The graph below 
shows the reflectivity of the mirror, which has in addition high transmission between 
510-550 nm for pumping of the Ti:sapphire crystal. Each mirror consists of 40 layer pairs 
of Si02 and Ti02 fabricated using ion-beam sputtering [51][52]. The design was done by 
Franz Kartner and the mirror dispersion measurements were performed by Onur Kuzucu 
[53]. Both mirror reflectivities cover more than one octave of bandwidth from 580 to 
1200 nm or 250 to 517 THz, with an average reflectivity of about 99.9% including the 
absorption in the layers. In addition, the mirror dispersion corrects for the second- and 
higher-order dispersion of all int racavity elements. The choice for the lower wavelength 
boundary in dispersion compensation is determined and limited by the pump window 
of Ti:sapphire. The oscillations in the group delay of each mirror are about 10 times 
larger than those of high-quality DCMs covering 350 nrn of bandwidth[47]. However, in 
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Figure 3-6: DCM pair consiting of DCMs MI (a) and M2 (b). MI can be decomposed into 
a double-chirped back-mirror BM matched to a medium with the index of the topmost 
layer. In M2, a layer with a quarter-wave thickness at the center frequency of the mirror 
and an index equivalent to the topmost layer of BM is inserted bktween the back mirror 
and the AR coating. The new mirror containing BM and the quarter-wave layer can be 
re-optimized to achieve the same phase as M1 with an additional T phase shift over the 
whole octave of bandwidth [50]. 
Wavelength, nm 
Figure 3-7: Reflectivity (left scale) of the type I DCMs shown as thick solid line. The 
group delay design is given by the thin dashed line. The individual group delays (right 
scale) of type I and I1 DCMs are shown as thin lines and its average as a thick-dotted 
line, which is almost identical to the design goal over the wavelength range of interest 
from 650-1200 nm. The measured group delay, using white light interferometry, is shown 
as the thick grey line from 600-1100 nm. Beyond 1100 nm the sensitivity of Si detector 
limited the measurement [29]. 
the average group delay of both mirrors the oscillations are ideally suppressed due to 
cancellation by more than a factor of ten. Therefore, the effective residual reflectivity of 
the mirror pair covering one octave, r2,  is even smaller than that of conventional DCMs. 
Because of slight fabrication errors the oscillations in the group delay still do not precisely 
cancel, especially close to 900 nm and 1000 nm deviations from the design goal on the 
order of 1-2 fs occur, which will lead to observable spectral features in the spectral output 
of the lasers described in chapter 4. 
3.3.3 Output coupler design 
The last key element in the laser design is the output coupling mirror. In order for an 
ultrashort pulse to build up in the laser cavity, the output coupler should have a large 
enough reflectivity bandwidth as not to impose significant spectral filtering on the pulse. 
However, to perform direct f - 2 f detection from the laser, the wings of the spectrum 
need to be enhanced by increased output coupling relative to the center of the spectrum. 
Therefore, the reflectivity curve of the output coupler has to be chosen to balance these 
two effects. In the next chapter, we will show experimental results which illustrate the 
importance of this effect. 
Unfortunately, engineering a broadband reflectivity OC with no penalties to the GDD 
is not an easy task. If the ripples in the GDD are too large, they will prevent the 
mode locking completely. In order to employ a simple quarter-wave dielectric stack 
which presents no dispersion ripples, the bandwidth which can be obtained is essentially 
determined by the index contrast of the high- and low-index layers. The best material 
combination which we have found that can provide a high contrast and at the same 
time be deposited on the substrate with reasonable precision is ZnSelMgF2. With such 
structure we have designed output couplers which successfully produce broadband spectra 
as will be shown is chapter 4. They have a 1% transmission from 750 nm to 950 nm, as  
can be seen in Fig. 3-8. 
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Figure 3-8: Measured transmission of ZnSe/MgF2 quarter-wave dielectric stack. This 
output coupler successfully generated stable octave-spanning spectra. As the plot shows, 
the bandwidth of the transmission curve does not span a full octave, rather it is obtained 
by enhancement of the spectral wings due to increased output coupling at the f and 2 f 
points. 
Chapter 4 
Oct ave-spanning laser: experiment a1 
results 
At the beginning of this thesis project, at the end of 2001, self-referencing directly from 
the laser had been demonstrated by Ell et. a1 [28]. The cavity design consisted of DCM 
pairs and a prism sequence for dispersion compensation and a second intracavity focus on 
a BK7 plate to enhance the SPM. The measured fcE beats had a signal-to-noise (SIN) 
ratio of 20 dB at most, which was insufficient for phase-locking without cycle slips. This 
setup was unduly complex because of the prism sequence and the second intracavity 
focus. Therefore we aimed for elimination of the second focus and the prism sequence by 
an improved DCM design which supported on its own the generation of octave-spanning 
spectra. 
By the end of 2002, such design had become a reality when the coating run to produce 
the DCM pairs described in Section 3.3.2 was successful. A prismless, octave-spanning 
laser was now possible and by May of 2003, we had demonstrated an 80 MHz repetition 
rate laser with direct self-referencing [54]. Subsequently, built a higher repetition rate 
laser at 191 MHz with some technical improvements and also improved the setup for fcE 
detection . This is the setup currently in use and the technical description that follows 
will focus on it entirely, although there is fundamentally no difference between the two 
generation of lasers (the 80 MHz and the 191 MHz). For specific details on the 80 MHz 
laser setup, see reference [29]. The first demonstration of a 200 MHz laser was done by 
Oliver Miicke, and is described in reference [55] .  
4.1 Resonat or design 
The oct avespanning laser demonstrated here consists of an astigmatism-compensated 
cavity (see Fig. 41). The gain medium is a 2 mm long Ti:sapphire crystal with an 
absorption of a = 4.1 cm-' at 532 nm. The laser is pumped by a diode-pumped, 
frequency-doubled Nd:W04 laser, Millennia Xs by Spectra-Physics. The radius of cur- 
vature (ROC) of the folding mirrors is 7.5 cm, and the pump lens has a 50 mm focal 
length. All mirrors in the cavity, except for the end mirrors, are type I (grey) and type I1 
(white) DCMs that generate smooth groupdelay dispersion when used together in pairs, 
as already described in Section 3.3.2. Because an exact number of pairs is necessary for 
proper dispersion balancing, one cavity end mirror needs to be an "inert" mirror, with 
no contributions to the overall cavity dispersion. To achieve this we employed a silver 
mirror, which generates minimum phase distortion to the pulse. Despite contributing to 
great losses which deteriorate the laser efficiency, the characteristic broad bandwidth of 
these mirrors (R > 95% from 450 nm to 12 pm) has so far been essential for successful 
broadband generation. The other cavity end mirror consists of an output coupler, with 
the broadband design demonstrated in Section 3.3.3. The output power in CW opera- 
tion is typically 70 mW with 5.5 W pump power. In mode-locked operation, the average 
power is 200 mW. Specific details of the cavity elements are given in table 4.1. 
We have tried implementing different broadband output couplers to replace the silver 
mirror in the cavity. The idea behind this was to make use of the power which is 
"dumped" in the silver mirror and have a laser with two useful optical outputs and twice 
the output power. In a metrology experiment for example, one could use one output 
exclusively for fcE detection and the other output for beating with the cw lasers employed 
I Millennia Xs 1 
lens 
Figure 4-1: Schematic representation of the laser cavity. The lengths of the different 
segments as well as the incidence angles are indicated in table 4.2. 
in the spec:troscopy. This would mean enhanced S/N in the optical beats since currently 
separating the spectral wings from the remainder of the spectrum unavoidably results 
in optical losses. However, these trials were never successful, most likely because the 
spectral filter imposed by an extra output coupler, which effectively created enhanced 
losses to the pulse, became too strong and the strength of the KLM was no longer 
able to sustain stable short pulse operation. As discussed in Section 3.3.3, designing a 
transmissive mirror with a bandwidth which supports the generation of our short pulses 
and causes no damage to its phase is a technically challenging task. 
Table 4.1: Table indicating all cavity optical elements, with specifications and part num- 
bers, where present 
element 
M1 
M2, M3 and M7 
M4, M5 and M6 
L 
X 
OC 
BaF2 plate 
BaF2 wedges 
description 
New Focus model 5103 silver coated mirror, minimal phase distortion 
DCM, R (right) 
DCM, L (left) 
Newport XPX049AR.14 PCX lens, f=50.2 mm 
Ti:A1203, 2.15 mm path length (-1.9 rnrn thick), a = 4.1 cm-l 
MgF2/ZnSe quarter wave stack at 800 nm, 1  mm thick. 
1 mm thick. 
1.65mmonthinend,1.95mmonthickend,2.5cmlength. 
Table 4.2: Relevant geometrical values of laser cavity 
geometric quantity 
M1M2 
In one round trip of the laser pulse through the cavity, the 12 bounces on DCMs 
value 
163 mm 
generate the precise negative dispersion required to compensate for the positive second- 
and up to sixth-order dispersion caused by the laser crystal, the air path in the cavity, and 
the BaF2 plate and wedges used to fine-tune the dispersion. We used BaF2 for dispersion 
compensation because it has the lowest ratio of third- to second-order dispersion in the 
wavelength range from 600 - 1200 nm and the slope of the dispersion of 0.5 mm BaF2 is 
nearly identical to that of 1 m of air. This makes it possible to scale the cavity length and 
repetition rate without changing the overall intracavity dispersion, simply by removing 
air path and correspondingly adding BaFz to maintain the proper dispersion balancing. 
This is not possible in lasers with intracavity prisms because a minimum distance between 
the prisms is required to provide negative dispersion. 
The dispersion measurements showed in Fig. 3-7 were performed with each mirror 
of the pair under a different incidence angle of the beam. The design was intended 
for both mirrors under an angle close to the astigmatism compensation angle for 10 
cm curvature cavity mirrors, 11". That way, each of the curved mirrors would be of a 
different kind. However, due to fabrication tolerances it turned out that putting one of 
the mirrors at the astigmatism angle and the other at 19.6' was what lead to the best 
dispersion compensation. At these angles, the oscillations in the GVD were minimized 
as the measurement shows. This explains the arrangement of the DCMs in the cavity 
in Fig. 4-1, both curved mirrors being of the same DCM type. Table 4.2 gives all the 
relevant distances and incidence angles for the laser cavity. 
Besides choosing the cavity length based on the desired repetition rate for the laser, it 
is important to verify that the laser mode has the proper size. As already explained, the 
laser mode must be larger than the pump mode in order to generate a soft aperture for 
the Kerr-lens mode-locking. This requires a simulation in which the ABCD propagation 
matrix for the cavity determines the mode size in the crystal. It has been shown, by 
computer simulations and experiments that Kerr-lens mode-locking is strongest for an 
asymmetric cavity[53]. The arm ratio as well as the cavity length can be fine tuned in 
the simulation to obtain the desired mode size. Figure 4-2 shows such a simulation for 
the laser cavity in consideration, the values used being the ones given in table 4.2. The 
plot shows the mode size as a function of the distance between the curved mirrors. In 
this simulation, for simplicity the crystal is not considered and astigmatism is not taken 
into account. It is used as a starting point to assure the existence of a stable resonator 
and the larger mode size relative to pump size. The asymmetry in the resonator creates 
two stability regions, given by the two maxima in the plot. The pump mode size has 
been calculated to be WQ, = 13 pm, which corresponds to a confocal distance equal to 
the crystal length of 2 mm. We have experimentally observed that the operating points 
which a l l o ~  for the strongest KLM and therefore the shortest pulses are the inner parts of 
the stability regions for the asymmetric cavity, as shown in Fig. 4-2. We can see that in 
this region, the mode size varies from 15 to 19 ,urn, which is larger than the pump mode 
size. This plot helps to explain how the mode-locked operation is initiated in the laser. 
W e n  the laser is in such instability region, the mode size is extremely sensitive to the 
distance d between the folding mirrors. Therefore it is easy to generate a large decrease 
in the mode size and a corresponding increase in the intensity by simply "jiggling" any 
mirror in the cavity. In this process, several longitudinal modes are generated and locked 
by the saturable absorber action, which generates an intensity spike that initiates the 
pulse formation process. 
To achieve mode-locked operation, it is usually necessary to reduce the amount of 
BaFz inside the laser cavity (by withdrawing one of the wedges). The broadest spectrum 
can be achieved by optimizing the insertion of the BaFa wedge. The spectral width of the 
laser critically depends on the dispersion balance. With the prismless lasers adjusting 
the dispersion does not significantly change the cavity alignment. In contrast to prism- 
compensated cavities, a slight misalignment of the resonator does not affect intracavity 
dispersion. Consequently, the alignment is robust and as a result it is possible to operate 
the laser in octave-spanning mode for as much as a few days without interruption. 
Figure 4-2: Results of computer simulation to determine the waist size in the crystal as 
a function of the distance between the curved mirrors. It has been empirically verified 
that the optimum mode-locking region is the one indicated in the plot. Also shown are 
the stable cw operating points. 
4.2 Results 
4.2.1 Generating ultrabroadband spectra 
Figure 4-3 shows the spectrum of the 191 MHz laser under broadband operation. The 
octave is reached at a spectral density about 25 dB below the average power level. The 
same plot also shows the OC reflectivity curve. As explained in Sec. 3.3.3, the width 
of the output spectrum depends upon the detailed shape of this reflectivity curve which 
significantly enhances the spectral wings and simultaneously allows for spectral buildup 
inside the cavity. To show that our prismless lasers are indeed scalable while still produc- 
ing broadband spectra, we show in Fig. 4-4 the spectrum for the 80 MHz laser and the 191 
MHz laser. The overall structure of the two lasers is the same, with the only significant 
difference being, besides the different cavity lengths and corresponding BaF2 insertion, 
that they employ different output couplers. They are of the same type (MgF2/ZnSe 
quarter-wave stack) but with slight design differences. Although small, these differences 
can be noted in the spectra. For example, the 191 MHz (grey trace in the figure) laser 
has a more pronounced spike in the low wavelength due to a correspondingly pronounced 
feature in its OC not present in the 80 MHz laser OC. In the long wavelength, the slightly 
larger bandwidth of the 191 MHz laser OC results in a slightly broader spectrum for that 
laser. The experimentally observed spectra represent stable laser operation and sufficient 
power at the f and 2 f points for fCE detection. 
4.2.2 Importance of the output coupler design 
To investigate the importance of the output coupler design in the output spectrum, we 
have measured the intracavity and external spectra, as well as output coupler transmis- 
sion curves, for two different output couplers OC1 and OC2, which can be seen in Fig. 
45 .  In the case of OC1, the output coupler is a strong spectral filter in the laser, which 
limits the spectrum that can be generated to a bandwidth similar to that of the transmis- 
sion curve. Although there is some enhancement of the spectral wings, it is not sufficient 
Wavelength (nm) 
Figure 4-3: Spectrum of octave-spanning laser at 191 MHz, with scale on the left; trans- 
mission of output coupler with scale on the right. It is clear from this figure that the 
output coupler strongly shapes the spectrum. The octave is reached at 20 dB below the 
average power level. 
Wavelength (nm) 
Figure 4-4: Spectrum (solid curves) and corresponding output coupler transmissivity 
curve (dashed curves) for 191 MHz and 80 MHz repetition rate lasers (blue and red, 
respectively). The similarity in the spectrum confirms the scalability of the repetition 
rate in prisrnless lasers. 
to achieve enough power at the f and 2f points. In contrast, in the case of OC2 the 
spectral filter is relatively weak which allows a broader pulse to be generated inside the 
cavity, and properly enhanced to achieve significant power at the spectral wings. Even 
though the spectrum shown in Fig. 4 5  (b) is of the broadest we have observed, long term 
stable mode-locked operation was never achieved with these OCs. It is believed that this 
is due to ripples in the measured dispersion profile that affected the laser operation [53]. 
4.2.3 Generating the carrier-envelope beat signal 
Even though the spectra just shown suggest that the laser is indeed octave-spanning, the 
only useful definition of octave-spanning is that the laser can be self-referenced directly 
from its output. Observing the spectrum however is the first step in the laser opti- 
mization process and a reference spectrum should always be kept in case of accidental 
misalignment. 
Self-referencing, as already described, involves referencing the laser to itself by beating 
the second harmonic of the long wavelength part of the spectrum with the short wave- 
length part, which gives a direct measurement of fcE as Eq. 2.12 shows in the case of 
octave-spanning spectra. The self-referencing setup built for the 191 MHz laser represents 
a major improvement over the previous one used in the 80 MHz laser frequency comb: 
there, to generate an fCE beatnote with sufficient S/N for phase locking without cycle 
slips ( minimum 30 dB in 100 kHz resolution bandwidth), the short- and long-wavelength 
portions of the laser spectrum were spatially separated (using a dichroic mirror in a Mach- 
Zehnder type interferometer), the long-wavelength portion was frequency doubled in a 
second-harmonic generation (SHG) crystal (BBO) , and the short-wavelength fundamen- 
tal light and the SHG light were recombined again, as can be seen in Fig. 4-6a. The 
wavelength components that interfere with each other generating the carrier-envelope 
beatnote could be overlapped in space and time. However, maintaining this overlap over 
long periods of time was a challenge. This interferometer setup was bulky and extremely 
alignment sensitive. On a day to day operation, a significant amount of time was spent 
Figure 4-5: Output spectra (solid curves) and intracavity spectra (dash-dotted curves) 
generated by a 80 MHz Ti :sapphire laser using (a) a broadband output coupler OC1, 
and (b) an ultrabroadband output coupler OC2. The output coupler transmission (black 
dashed curves) are shown for comparison. 
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simply realigning this setup, which was almost always necessary due to the natural change 
I 
in the laser alignment. 
In the current setup (see Fig. 4-6b), in contrast, the time delay between the 570 
and 1140 nm spectral components used for f - 2 f self-referencing is produced by 8 
bounces on DCMs, which compensates for the total group delay between 570 nm and 
I 
1140 nm caused by the optical components in the setup external to the laser (output 
coupler, BBO crystal and crystal focussing lens). This setup is intrinsically more stable 
than the above-mentioned interferometric setup, with virtually no need for day-to-day 
realignment. Spatial overlap is assured since the two wavelength components are never 
separated. After the DCM-based delay line, the Ti:sapphire output is focused onto a 1 
mm thick BBO crystal cut for type I SHG at 1160 nm. The emitted SHG light and the 
orthogonally polarized fundamental light are projected onto a common axis using a po- 
larizing beam splitter cube. Then it is spectrally filtered using a 10 nm wide interference 
filter centered at 570 nm, spatially filtered using an aperture, and finally detected using a 
photomultiplier tube (PMT) (Hamamatsu H6780-20). Although advantageous from the 
point of view of stability, the DCM-based delay line has a few drawbacks, one being the 
fact that the control over the time delay generated by the DCMs is discrete, given by the 
number of bounces multiplied by the group delay of -68 fs between 570 nm and 1140 nm 
produced in one bounce, whereas in an interferometer based setup it is continuous, which 
could produce a larger SIN. However, a direct comparison between the two methods has 
not been performed. 
The typical total optical power at 1140 nm is 800 pW and we observe roughly a 
conversion efficiency of For the fundamental 570 nm light, we observe a few mi- 
crowatts of average power. These values vary from day to day laser operation. However, 
the fundaLenta1 and doubled bptical power do not fully contribute to the measured beat 
signal. This is due to the difference in spatial profile of the transverse modes at these 
I 
two wavelengths. As can be seen in Fig. 43, the power in the spectral wings is produced 
in a single pass through the crystal and is subsequently almost fully coupled out of the 
Figure 4-6: Schematic of fcE detection setup for 80 MHz (a) and 191 MHz (b) lasers. The 
difference is indicated in the dashed region, where a Mach-Zender type interferometer 
was replaced by a DCM-based delay line. More details in the text. 
laser ( output coupler transmission is about 80% at 570 nm and 1140 nm). Therefore, it 
is not necdssary that the transverse mode of these spectral components be resonant with 
the TEMoo mode in the resonator. We have confirmed that the transverse profile of the 
beam at 800 nm is a good TEMoo mode and deviates from it as the spectral components 
approach the 3 dB bandwidth of the spectrum. After the aperture which is used for 
spatial filtering, we observe about 100 nW of average power at 570 nm. 
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In the RF power spectrum shown in Fig. 4-7, we can see the measured fcE beat as 
well as its mixing product with the repetition rate signal, both indicated in the figure. 
The largest spike is the repetition rate signal itself. The measurements indicate a S/N of 
-35 dB in a 100 kHz resolution bandwidth. This S/N is sufficient for direct and routine 
fCE phase stabilization. The fcE beat is intrinsically stable. In the absence of active 
feedback, the frequency stays within an 8 MHz window for a full day. On the time scale 
of seconds, it can jitter by about 100 kHz. The next chapter will describe the details of 
the electronic stabilization systems. 
Frequency (MHz) 
Figure 4-7: Radio frequency spectrum of carrier-envelope beat signal. The two symmetric 
beat frequencies are the carrier-envelope and its mixing product with the repetition rate, 
as indicated in the plot. The largest spike, at 191 MHz, is the repetition rate signal. The 
observed S /N is 35 dB in a 100 kHz RBW. 
Chapter 5 
Stabilizing the octave-spanning 
frequency comb 
The implementation of octavespanning frequency combs (OSFCs) as optical rulers re- 
quires precise control of the two comb degrees of freedom, f R  and fcE In this chapter we 
will describe how this control is implemented in our frequency comb, which is intended for 
frequency measurements in ultracold hydrogen. In general, the fundamental difference 
in frequency combs is how their repetition rate is controlled. In some cases a harmonic 
of the repetition rate is locked to a microwave standard, while in others the repetition 
rate is stabilized by locking a comb line to a stable optical reference. 
All the frequency stabilizing systems described here employ phase-locked loops (PLLs). 
A beat signal is generated by heterodyning two optical beams. This signal is filtered and 
sent to a digital phase detector, which generates an error signal. The error signal is 
properly filtered and amplified, then sent to a transducer that corrects for the error. The 
signal to the transducer, a voltage, is converted to a frequency change. The transducer is 
either a PZT that modulates the cavity length (in the repetition rate lock), or an acousto- 
optic modulator that modulates the pump light (in the carrier-envelope phase control). 
In either case, the voltage is converted to a frequency, and the process is simply repre- 
sented by a volt agecont rolled oscillator (VCO) . Because it is import ant to underst and 
the principals of operation, Sec. 5.1 will be dedicated to an overview of the functionality 
of a PLL. Because digital phase detection is used at the phase detection method in our 
PLLs, Section 5.2 will be devoted to describing how a digital phase detector works. 
5.1 The linear PLL 
A PLL is a kind of feedback control system which causes the phase and therefore the 
frequency of a certain signal to track with that of a reference signal, completely synchro- 
nizing the two. In this so called locked state, the phase error between the signal and the 
reference remains const ant over time. 
The basic building blocks of a PLL are as follows. 
1. A phase detector (PD). 
2. A loop filter (LF). 
3. il voltage-cont rolled oscillator (VCO) . 
These components come together as depicted in the block diagram on Fig. 5-1. The 
VCO oscillates at a center frequency wo if no voltage is applied to it. The oscillation 
frequency is then given by: 
~ 2 ( t )  = Wo + Koq(t )  (5.1) 
where wo is the center frequency of oscillation of the VCO and KO is the VCO gain. 
It is convenient to write the input signal and VCO output respectively as ul(t) = 
Al cos(wlt) and u2 (t) = A2 sin(w2t + q5(t)), where 4(t) is the time-dependent relative 
phase between the two signals. The output of the phase detector is then given by: 
ud(t) = A1A2 cos(wlt) sin(w2t + $(t)) (5.2) 
= A1A2{sin((wl - w2)t - $(t)) + high frequencies) 
Input signal 
u1(t) ((31) 
Phase ud(f) = Kpd (~(t) 
Controlled 
oscillator 
Figure 5-1: Block diagram of linear PLL. The basic building blocks are explained in text. 
where the second term is suppressed by low-pass filtering, either in the PD itself or at 
the loop filter. Since we will be analyzing the case where the system is locked or close 
enough to locking, we can safely approximate this expression for the moment as 
where Kpd is a proportionality constant given in voltslradian. 
We are interested in understanding how the phase of the VCO tracks with that of 
the reference signal, but the VCO transfers a voltage change into a frequency change. 
Therefore we need to know the phase transfer function. Integration of relationship 5.1 
gives us the time-dependent VCO phase: 
We can take the Laplace transform of the first term in the above equation to find the 
frequency response of the VCO: 
Therefore we can see that the VCO represents an integrator for the phase transfer 
function. In the locks described in the following sections, the equivalent VCO will be 
composed of different elements. In the fcE lock, a voltage applied to the acousto-optic 
modulator translates to a shift of fcE, while in the fR lock, a voltage applied to the 
piezoelectric transducer translates to a shift of fR. To analyze the system further, we can 
investigate the frequency response of the overall system, given by the individual transfer 
functions of each block. 
Knowing the transfer function of the loop filter, HLF(s ) ,  allows us to determine the 
closed-loop transfer function of the PLL. Since we are interested in the residual phase 
error, we look at the output of the phase detector (see Fig. 5-2) .  We can apply Black's 
formula (561 and derive the phase error transfer function: 
For the remainder of this chapter, we will focus on the implementation of the PLLs, 
rather than on a detailed phase error analysis. Therefore the relevant aspect for the 
following discussion is simply to understand the basic building blocks of a PLL. In the 
next chapter, however, a detailed noise analysis based on this theory will be presented. 
Figure 5-2: Linear model of the PLL. All simbols described in text. 
5.2 Digital phase detection 
The two most common methods of implementing phase detectors are (1) analog mix- 
I 
ers and (2) a number of sequential logic circuits which together function as a digital 
phase detector. Our approach has been to use digital phase detection for the frequency 
comb stabilization. A digital phase detector offers the advantage of also serving as a 
frequency discriminator, which facilitates locking when the frequencies involved drift sig- 
nificantly. The first design of the digital phase detector board was done in collaboration 
with Thomas Schibli after a visit to the laboratory of John Hall and Jun Ye at JILA. 
Since then, it has' been modified to better fit our experimental needs. A schematic of the 
circuit is shown in Fig. 5-3. The three key components in this design are an ultrafast 
comparator (AD96687), a digital phase detector/frequency discriminat or (AD9901) and 
I 
digital divider chips ( MC100EP33 and MC100EP32). 
Figure 5-3: Schematics of digital phase detector board. Design by Lia Matos adapted 
from design by Thomas Schibli, itself adapted from JILA design. 
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Figure 5-4: Schematics of ultrafast comparator AD96687 chip. The LO and RF signal 
are AC coupled to the inverting and noninverting inputs of the chips, and the Q and Q 
ECL compatible outputs are generated. 
5.2.1 Ultrafast comparator 
The incoming signals from the local oscillator (LO) and the heterodyne detection (RF) 
are analog sine waves and in order to be recognized by the digital phase detector, they first 
need to be digitized. For this purpose the AD96687 ultrafast comparator is used, which 
contains two voltage comparators. The signals are AC coupled to both the inverting and 
noninverting inputs of the chip, and a positive voltage swing leads to a logic high while a 
negative voltage swing leads to a logic low. The schematic of the chip is shown in Fig. 5-4. 
The chip provides an ECL compatible output, which stands for Emitter Coupled Logic. 
ECL signals are often used for high speed applications, due to the differential nature 
of the design (typical response times are of a few nanoseconds). A differential signal 
is taken between the inverting and noninverting inputs, causing the average current of 
both signal paths to be always zero. ECL signals must always be terminated by a proper 
load to avoid reflections. In the schematics in Fig. 5-3 it can be seen that the signal is 
referenced to -2V via a 50 R resistor at the inputs and outputs of the logic chips. 
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Figure 5-5: Functional block diagram of AD9901. 
5.2.2 The AD9901 phase/frequency discriminator chip 
The functional block diagram of the AD9901 is shown in Fig. 5-5. The main components 
are 4 flipflops, an exclusive-OR gate and some combinational output logic. When the 
RF and LO signals are very close in frequency, only the phase detection circuit is active. 
"Very close" means that the PLL system can correct for a phase error of 7r within its 
response time. Specific details will be given later. If the RF frequency is substantially far 
away from the LO frequency, the frequency discriminator circuitry overrides the phase 
detection circuitry to drive the RE' frequency close to the LO frequency and put it within 
the operating range of the phase detector. This operation is illustrated in Fig. 5-6. 
As indicated in the waveforms in Fig. 5-6, the first pair of flip-flops generates a 
signal with 50% duty cycle, regardless of the duty cycle of the input waves, which can 
then be used to derive the phase information using the XOR gate. The average value of 
the XOR output, or the duty cycle of this wave, is proportional to the phase difference 
between the input signals. This represents the phase detection part of the circuit, which 
is represented in the sequence of waveforms in the left of Fig. 5-6. In this case, the 
second pair of flip-flops provide constant high levels to gate the XOR output to the final 
output. 
The frequency discriminator portion of the circuit takes over whenever either the LO 
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 LO^^^^^ 1 n LlJ n n n J n n fl fl fl 
RF fl~p-flop 
output t
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Figure 5-6: Sequence of waveforms describing the functionality of the AD9901. On the 
left, the two inpht signals are at the same frequency, and the AD9901 works as a phase 
detector. On the right, the input signals are at different frequencies and the AD9901 
works as a frequency discriminator. The sequence of signals represent the signal flow 
from left to right! in the schematic on Fig. 5-5. 
or the RF oscillator input occurs twice before the other. This drives one of the second 
pair of flip-flops t o  logic low, which overrides the XOR output and holds the output at 
the appropriate level to pull the RF signal back towards the LO frequency. Once the 
frequencies are within less than 2n of each other, the phase detector takes over again. 
The sequence of waveforms describing the frequency discriminator portion of the circuit 
is shown on the right of Fig. 5-6. 
In the phase detector stage bf the AD9901, it has to be noted that the middle of the 
I 
linear locking range is not at zero volts, but at the midpoint between login low and high. 
I 
Since this phase error signal will eventually go into a proportional-integral (PI) controller, 
we need to have the lock point be at zero volts. To achieve this, we employ a differential 
amplifier which amplifies the difference between the low-pass filtered DC portion of the 
inverted and non-inverted outputs of the AD9901. The output of the differential amplifier 
is at exactly zero volts when the phase difference is n. The differential amplifier can be 
seen in Fig. 5-3 after the low-pass filters used for averaging the phase detector output. 
Figure 5-7: Representation of the effect of the divider stage on the linear locking range 
of the AD9901. For a clear picture, an analog signal is used. The black curve has one 
quarter of the frequency of the grey curve. The locking range becomes 4 times larger. 
Since the slope becomes less steep, the resulting lock will not be as tight, but cycle slips 
are avoided. 
5.2.3 Digital divider chips 
An important modification to the original design of the DPD board was the introduction 
of the digital dividers. The purpose of the divider stages is to allow for an increase in 
the linear phase detection range of the AD9901, thus facilitating the lock. The idea is 
illustrated in Fig. 5-7. When we consider any lock which is performed in the optical 
domain by beating a comb line with a cw laser, the jitter caused by the magnified 
fundamental repetition rate noise will cause the beatnote to drift by tens of MHz in 1 s, 
barely keeping it within the range of the band-pass filter. In order to catch such a lock, a 
very fast transducer is necessary. Even with the implementation of the dividers, a piezo 
actuator with a response of -100 kHz was necessary to catch the lock of the optical 
beatnotes which will be described in the next sections. In the design, several division 
ratios are possible: 4, 16, 32, 64 and 128. 
1 For analysis 
RF spectrum: 
Figure 5-8: Schematic of fcE phase lock setup. A bandpass filter is used to selecte 
either fCE or fR - fCE, whichever falls within the range of the band-pass filter. This 
signal is amplified, split, divided by 4 in frequency to enhance the locking range of the 
PLL, and compared with a reference frequency supplied by a signal generator (LO) using 
a digital phase detector. The output signal is amplified in the loop filter, which is a 
proportional-integral (PI) controller, and fed back to the AOM, closing the loop. 
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5.3 Carrier-envelope frequency control 
f,,detection 
Active control of the carrier-envelope (CE) frequency, fCE, of mode-locked lasers is a pre- 
requisite for both time and frequency domain applications. For our octave-spanning lasers 
which do not use intracavity prisms for dispersion compensation [29] ,[55] this control can 
be achieved by utilizing the response of fcE to intracavity power, i.e., by controlling the 
intracavity pulse energy via modulation of the pump power [57],[58]. Details of the fcE 
detection setup were described in the previous chapter. Here, we give an overview of its 
electronic implement ation. 
A schematic of the stabilization setup is shown in Fig. 5-8. To implement the lock, 
we filter either the fCE or the fR - fcE component, whichever lies within the frequency 
range of the band-pass filter (1 25 to 200 MHz), from the PMT signal. After amplification 
of the signal to reach the minimum power level required by the DPD board (-3 dBm), it 
AOM 
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tunable 
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driver 1 
LO 2 X 24 dB amplifiers 
L 
T 
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splitter 
Loop 
filter 
I 
Digital 
' phase detector 
is split and half the power is sent to the input of the DPD which generates an error signal 
relative to an RF synthesizer, used as the local oscillator (LO) in the lock. In general, 
the linear phase detection range is increased to 4n (by the digital divider) before the 
phase detector, although the beat is stable enough for locking without any pre-division. 
The phase error signal is then sent through a proportional-integral (PI) controller that 
properly fil ters and amplifies the signal fed to the acousto-opt ic modulator ( AOM) , which 
modulates the pump power, changing the carrier-envelope frequency in such a way as to 
cancel the phase error. 
The loop filter was designed to provide flexibility to match the necessary frequency 
response of any laser stabilization setup in the laboratory. It has the capability of pro- 
viding a signal with any voltage range and offset between -15 V and 15 V. It is used in all 
of the locks described here. A detailed schematic of the circuit is shown in Fig. 5-9. The 
possible gain settings are 1, 2, 10, 40 and 100. The possible integrator corner frequencies 
are 0 Hz, 10 Hz, 100 Hz, 1 kHz and 10 kHz. For the fcE lock, the integrator corner 
frequency is at 10 kHz, to provide enough gain to cancel out the noise due to intensity 
fluctuations in the pump laser. The AOM driver takes a modulation input signal in the 
range of 0 t;o 1 V, so we operate at a voltage offset around 0.5 V. 
When the fcE beat is phase locked, its linewidth is 1 H i  FWHM, limited by the 
resolution of the RF analyzer. The RF spectrum of the phase-locked beat can be seen 
in Fig. 5-10 over three different frequency ranges. The output of the phase detector is 
proportional to the remaining jitter between the carrier-envelope phase evolution and the 
local oscillator reduced by the division ratio of 4. The power spectral density (PSD) of 
the fCE phase fluctuations S4 measured with a vector signal analyzer (VSA) at the output 
of the phase detector and properly re-scaled by the division factor is shown in Fig. 5-11. 
S4 represents the frequency domain representation of the fluctuations in fcE at Fourier 
frequencies relative to its carrier. The accumulated (root-mean-square) carrier-envelope 
Figure 5-9: Schematic of loop filter designed by Lia Matos and Cort Johnson. 
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Figure 5-10: Spectrum of phase locked fCE beat, seen over three different frequency 
ranges. In (a), a FWHM of 1 Hz is measured, limited by the RBW of the device. In 
(b), we can infer the loop bandwidth, which corresponds to the two spikes on the noise 
pedestal to the left and right of the signal, -- 100 kHz. In (c), we observe a 35 dB S/N 
in a 100 kHz RBW, which is enough for routine operation. 
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phase error A$ can be obtained from S4 by integration over frequency according to[55] 
f 
A $ ( f ) = A $ = [ 2 /  10 MHz S4(f')df']ln , 
resulting in a value of 0.257 rad (integrated from 2.5 mHz to 10 MHz). This low value 
reflects the elaborate acoustic vibration isolation and shielding against environmental 
perturbations (e.g., air currents) as well as the effectiveness of the PI control loop up 
to -80 kHz. As will become clear in the discussion in the next chapter, at present this 
limitation is due to two main factors: first, the AOM imposes a phase delay which 
contributes to a decrease in the phase margin that reduces the closed loop bandwidth. 
Second, the gain dynamics in the laser also plays an important role in the overall noise 
performance, since a change in pump power does not translate to an instantaneous change 
in the pulse energy and therefore in fcE In chapter 6, a detailed noise analysis of the 
fcE stabilization and its connection with the theory of mode-locking will be presented. 
In the expression for the RMS phase error A$, Eq. 5.7, f represents the inverse 
observation time of the measurement while f '  represents the frequency relative to the 
carrier. The factor of two in this equation occurs because Sm is symmetric and the 
integration is only done over the upper noise sideband. In general, the coherence time of 
an optical frequency is taken to be the observation time up to which the integration of 
S4 yields a phase error of 1 radian [59]. In our case, the lower limit of the measurement 
is 2.5 mHz, indicating a coherence time of at least 400 s. The measurement was limited 
by the capabilities of the VSA. It is important to note, however, that this measurement 
was performed in-loop. In general, an out-of-loop measurement will present increased 
phase error due to the fact that the limited loop bandwidth will attenuate any noise 
at a frequency higher than this bandwidth, thus yielding a phase error which does not 
represent the real value. In our case, the digital phase detector output is averaged by 
using a 1.9 MHz low-pass filter, thus any noise at a frequency higher than this will not be 
observed in the measurement. However, measurements performed in a similar system [55] 
seem to indicate that the difference between in-loop and out-of-loop is not very significant 
(about 1076). This difference is more critical in frequency combs that employ external 
fiber broadening, where, if care is not taken, intensity noise on the light translates into 
phase noise due to the high nonlinearities in the fiber. This phase noise will then be 
cancelled in the laser, which is not the original noise source and the net effect will be 
to add phase noise to the light directly out of the laser. For our frequency combs, it is 
believed th.at there are no significant fcE noise sources external to the laser, due to the 
monolithic nature of the fcE detection setup (see Fig. 4 6  b) and to the absence of the 
broadening fiber. 
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Figure 5-11: Power spectral density (PSD) of the carrier-envelope phase fluctuations Sm 
(black curve) and integrated phase error A4 (dashed curve), measured with a vector 
signal analyser (VSA) at the output of the digital phase detector. 
5.4 Repetition rate control: lock to 1s-2s spectroscopy 
laser 
An important motivation for developing the system described here is to apply new fre- 
quency comb technology to innovative methods for ultraprecise spectroscopy with ultra- 
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cold hydrogen, with the goal of creating an optical clock based on the 1s-2s two-photon 
transition. In all of the experiments for which this frequency comb is intended, it is 
required that the comb lines be referenced to the hydrogen 1s-2s transition. Since the 
fCE frequency control is implemented by self-referencing, this is achieved by referencing 
and locking the laser repetition rate, fR, to the 1s-2s transition. In practice, this lock 
is realized in the optical domain by locking a comb line (or the 4 millionth harmonic of 
fR ) to the IS-2s transition via a cw dye laser operating at 486 nm. The details of the 
intended applications to frequency measurements in ultracold hydrogen will be discussed 
in chapter 7. A schematic of the fully stabilized comb can be seen in Fig. 5-12. A 
heterodyne beat signal is generated between the second harmonic of a comb line and the 
dye laser, which performs 1s-2s spectroscopy of ultracold hydrogen [60]. This beat signal 
is stabilized by controlling the cavity length with two PZT-mounted cavity mirrors. 
5.4.1 Heterodyne beat detection setup 
The details of the optical heterodyne detection setup is shown in Fig. 5-16. A second 
output coupler external to the laser cavity spectrally separates the beam into two por- 
tions, the transmitted beam contains the low and high wavelengths (what we call the 
"wings" of the spectrum) used in the f - 2 f fcE detection setup, and the reflected beam 
contains all of the remaining spectrum (that which lies within the bandwidth of the out- 
put coupler seen in Fig. 3-8). The mirror needs to placed at close to normal incidence for 
this to work, since the center of the transmission curve will shift as the mirror is placed 
off normal incidence. 
The reflected portion of the external output coupler is focussed into a 1 cm length 
potassium niobate crystal (KNb03), which is non-critically phase matched (NCPM) at 
-19°C for sum frequency generation of 972 nm. Because the beat signal occurs between 
one single comb line and the dye laser, it is important to convert the sum frequency of 
as many comb lines as possible at 972 nm to one single comb line at 486 nm, as the dia- 
gram of Fig.5-13 shows. When choosing the crystal length, there is an interplay between 
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Figure 5- 12: Represent at ion of fully stabilized frequency comb, referenced to the 1 S- 2 s  
transition in ultracold hydrogen. 
Figure 5-13: Schematic representation of sum-frequency generation of comb light for 
locking to 1s-2s spectroscopy laser. The process is phase-matched for sum-frequency 
into a single mode at 486 nm as the diagram shows. 
the total amount of nonlinearity that enhances the frequency converted field, which in- 
creases with the crystal length, and the bandwidth of the SFG process, which decreases 
with length due to group velocity dispersion and to a limited phase-matching bandwidth, 
thus causing less fundamental comb modes to contribute to the sum frequency genera- 
tion (SFG) process. Because this process is noncritically phase matched and potassium 
niobate is a uniaxial crystal, it is simple to calculate the optimum crystal length by cal- 
culating the total power converted into one comb line at 486 nm as a function of the 
cryst a1 length I .  
The first step in the derivation is to write the evolution of the frequency converted 
field [61] 
We convert the above integral to a discrete sum over all comb modes contributing to the 
SFG process, where we have the following relationship between the angular frequencies 
such that w = (w - wl)  + w l  = 2wo and all modes sum up to the same final optical 
frequency. n' indicates the index of the comb mode participating in the SFG process. 
Expanding k(w - wl) ,  k(wl) and k(w) up to second order and after a little algebra, we 
obtain that for w = 2wo the total power converted to a single comb line at 486 nm due 
to the sum frequency generation process is 
where 
is a convolution of the fundamental pulse with itself. In Eq. 5.10, wo = 27rc/X, where 
X = 972 nm, de f  = 8 x 10-l2 m/V, n = 2.2, Pi = 100 nW is the fundamental optical 
power in one comb line, Aeff  = ZW;  is the effective area for the Gaussian beam and 
wo is determined by the confocal parameter b = 1 = 2nw;lX. In Eq. 5.11, Ak' = 
$ D ~ w ~  , W B  = 191 MHz/27r is the comb spacing in rad/s. As shown in Fig. 5-13, we 
consider the simplified case of a square spectrum, where r n  = 50,000 is the number of 
modes corresponding to a pulse of 100 fs. We estimated this to be the incident pulse 
width on the crystal due to pulse stretching caused by the dispersion of the optical 
elements before the cryst a1 (focussing lens, window for cryst a1 enclosure and external 
output coupler). Fig. 5-14 shows the converted power as a function of crystal length. We 
see that making the crystal longer than 0.8 cm does not help the conversion efficiency. 
The result is a 75% conversion efficiency into the desired mode. This high value is made 
- 
- 
I I I 
0 2 4 6 8 10 12 14 
crystal length (mn) 
0.5 I I I I I I 
0 2 4 6 8 10 12 14 
crystal length (mn) 
Figure 5-14: Above: conversion efficiency as a function of crystal length for 191 MHz 
laser. Below: corresponding value of F ~ .  I 
possible only by the broadband nature of the SFG process. 
The importance of mode preselection for obtaining low noise beat signals between 
l 
a comb line and the cw laser has been pointed out by Reichert et.al [6] . Because the 
beat signal is detected between the cw laser and a comb line in the presence of a large 
number of other comb lines which only contribute to noise, the best effort to eliminate 
as many unwanted comb lines as possible should be employed. Typically, when beating 
a cw laser with the fundamental frequency comb, mode preselection is achieved with the 
help of a grating. In the case described here, however, the SFG process in itself provides 
optimum filtering of unwanted comb lines, because of its single-frequency mode-matching 
characteristics. After the KNb03 crystal, we split the fundament a1 comb spectrum (hor- 
izontally polarized) from the frequency converted portion (vertically polarized) using a 
polarizing beam splitter (PBS 1). We observe the converted spectrum in an optical spec- 
trum analyzer and measure 0.2 nm FWHM of optical bandwidth, with a total average 
power of 50 pW. This corresponds to 665 lines, each with an average optical power of 75 
nW, close to our prediction of 82 nW. 
In the schematics in Fig. 5-16, the dye laser light, with horizontal polarization, is 
combined with the frequency converted comb light, with vertical polarization, by means 
of a second. PBS (PBS 2). A half wave plate (wave plate 2 in the schematic) then projects 
variable amounts of light from each beam on to the vertical polarization which interfere at 
the avalanche photo detector (APD). Full control of the relative intensity of the matched 
beams, as well as the initial amount of dye laser power, can be achieved by adjusting wave 
plates 1 and 2. It has been shown that the S/N can be expressed under such conditions 
where TI is the quantum efficiency of the detector, Bw is the detection bandwidth (RBW), 
hv is the energy of a single photon, Pn is the optical power in a single comb line, P, is the 
power in the cw laser beam and t is the transmission of the variable beam splitter used to 
match the two beams (here, wave plate 2). It should be noted that in this expression our 
initial assurnption of a square spectrum must still hold, with equal power in each of the 
comb lines. Additionally, if we assume that t is always adjusted to obtain the optimal 
SIN, topt = E/( JNP, + G) we see that for N << Pcw/P,, the only limitation in 
the detection is the shot noise of the weak signal: 
As a rule-of-thumb, the mode preselection process must remove enough comb lines such 
that the sun1 of the power of all the remaining lines is much smaller than the power in the 
cw laser. In our case, the average power of the frequency converted light is 50 pW and 
the power from the dye laser is typically on the order of 5 mW, a factor of 100 larger. 
The S/N obtained is typically around 40 dB in 100 kHz RBW, which is smaller than 
the prediction of 54 dB from Eq. 5.13. This is most likely due to poor spacial overlap 
between the two beams. Even though a telescope is employed after the optical fiber that 
brings the light from the dye laser, the spatial mode of the comb is not a perfect TEMoo 
mode, and the power which is contributing to the beat is smaller than the full measured 
I 
power. One possible solution would be to assure perfect overlap by sending both beams 
through the same optical fiber (there would be a significant power loss in this process, 
I 
but most likely it would not offset the advantages gained from a perfect spatial overlap). 
This was not implemented since 40 dB SIN is already enough for routine phase-locking. 
5.4.2 Stabilization electronics 
The part of the experimental setup between the detection of the heterodyne beat up to 
the input of the DPD is identical to the carrier-envelope phase lock already described 
in Sec. 5.3. This beat signal, however, is significantly less stable than the fcE beat. 
While the latter would take a full day to drift across the bandwidth of the band-pass 
filter (=8 MHz), the first will do so in a matter of seconds. This makes obtaining this 
lock significantly more challenging, since a transducer with a fast enough response time 
to catch it is necessary. When we consider that the mechanism used to control fR is 
I 
to change the cavity length via piezoelectric actuators (PZTs) , an immediate limitation 
comes from the mechanical resonances of PZT-mounted mirrors, which are typically in 
the few kHz range if conventional sized mirrors and optical mounts are used. 
To overcome this limitation, a PZT-mounted mirror with as high a mechanical res- 
onance as possible should be employed. Our design is shown in Fig. 5-15(a). While all 
the cavity mirrors have a 0.5" diameter and 0.5" thickness, the PZT-mounted mirror has 
.25" diameter and is only 1 mm thick. We mount it on a PZT with a natural resonance 
I 
frequency of 300 kHz, which is then glued to a very massive mount, machined from c o p  
per and filled with lead. This allows it to act as an "infinite mass", or a fixed boundary 
for the PZT. The resonance frequency is then determined by the combined mass of the 
PZT itself and the mirror. A Michelson interferometer with the PZT-mounted mirror on 
1 I 
7 PZT 
I copper 
lead 
stage 
I I network analyzer S T R  
Figure 5-15: (a) Drawing of fast PZT-mounted mirror. The copper portion of the mount 
was machined and filled with molten lead. (b) Schematic of Michelson interferometer 
built to measure the mechanical resonance frequency of the PZT-mounted mirror. The 
source of the network analyzer is split into two portions, half of which goes to the R 
input and the other half which is used to drive the PZT. The response is then measured 
by feeding the modulated intensity signal from the photo detector (PD) to the T input of 
the network analyzer, which then measures the amplitude and phase of T/R as a function 
of the source frequency. 
one of the arms was built to measure the resonance of the PZT. The setup is shown in 
Fig. 5-15(b). By setting the interferometer arm lengths to the region of highest contrast, 
a modulation voltage drive to the PZT will cause a corresponding modulation of the 
intensity of the light on the photo-detector, as the interferometer moves back and forth 
from a dark to a bright fringe. By driving the PZT with the source signal from a net- 
work analyzer, we could measure the frequency response of the PZT. The measurements 
showed that the lowest mechanical resonance was at 120 kHz. 
With the fast PZT in the cavity, we are able to catch the lock by increasing the linear 
phase detection range to 3 2 ~ .  The fast PZT has a fast response but a small dynamic 
range of 11 nm/V. It is driven by a low-voltage driver, which can provide at most 15 V, 
allowing it a maximum travel range of 165 nm. Therefore, it cannot maintain the lock 
for a very l;ng time because the lab temperature drifts significantly over the course of 
the day, causing fluctuations of the cavity length. A slow PZT with a large dynamic 
range is the* necessary to keep the lock in place. Once the fast PZT catches the lock, 
we slowly increase the gain of the slow portion of the loop filter signal which is fed to 
the slow PZT. Our slow PZT has a travel range of 15 pm/kV and a resonance frequency, 
also measured with a Michelson interferometer, of 630 Hz. With this arrangement, the 
lock can be maintained for several hours. 
5.5 A note on passive stabilization 
So far we have discussed the techniques used to actively stabilize the frequency comb. All 
the locks are made significantly less challenging if good passive stabilization is assured to 
begin with. This short section is aimed at describing our approach to passively stabilizing 
the system. 
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5.5.1 Vibration isolation 
To decouple the laser from the building mechanical vibrations, the whole system (laser 
+ optical heterodyne detection setups) is built on a vibrationally isolated breadboard, 
by means of several layers of material of different mechanical impedances. First, a layer 
of hard rubber, suited for damping mechanical noise, is used. On top of that we place a 
multi-layer lead-foam pad (three layers of foam and two layers of lead). The last layer, 
between the breadboard and the lead-foam, is a double layer of 2 mm lead sheet. This 
provides sufficient vibration isolation, since strong tapping on the laser table does not 
disturb either of the locks. 
The other important environmental perturbation which leads to mechanical vibrations 
of the laser mounts is air flow. Air flow from a fan blower unit in the ceiling significantly 
disturbs the laser operation. Another source of air flow is the convection caused by 
heating of the pump laser. To suppress this noise source, a 0.5" thick plexiglass enclosure 
is built around the laser cavity itself, excluding the pump laser. A heavy metal lid is used 
to avoid resonances of the enclosure which would transfer to the breadboard and to the 
air pressure inside the enclosure. A second isolation is used by covering the surroundings 
of the laser table with plastic curtains 
5.5.2 Temperature control 
In the first version of the frequency comb setup (80 MHz repetition rate), the entire setup 
(pump laser, laser cavity and heterodyne detection) was built the same large breadboard. 
The slow misalignment of the laser due to temperature fluctuations in the lab was quite 
severe, requiring a full re-alignment of the resonator every few days. To minimize this 
problem, the new 191 MHz version is built on its isolated breadboard, which was specially 
machined to be water-cooled. The same chiller which cools the pump laser and the 
Ti:sapphire crystal is also used to temperature control the breadboard. This has improved 
the problem but not solved it completely since the pump laser is still on the original 
breadboard, which is not temperature controlled. A larger breadboard which could fit 
the laser with its enclosure and the pump laser external to that would most likely improve 
the situation even further. Currently, the long term stability of the laser depends strongly 
on the seasons: in the summer, the temperature and humidity fluctuations in the lab are 
large, making it harder to run the laser over many days without the need for re-alignment. 
In the winter the climate conditions improve and with it the long term stability. 
Chapter 6 
Carrier-envelope phase dynamics 
and noise analysis 
For a significant period of time during this project, the long term stability of the carrier- 
envelope phase lock would vary appreciably from day to day. The reason for this was 
not well understood, yet it compromised the usefulness of the frequency comb. This 
motivated us to investigate the underlying mechanisms that affect the carrier-envelope 
phase and consequently the carrier-envelope offset frequency in octave-spanning lasers. 
This study enhanced our understanding of the laser operation from the point of view of 
the carrier-envelope phase dynamics such that it is now possible to consistently find the 
correct operating point for the carrier-envelope phase lock. More broadly, if such systems 
are to be used in the future for optical clock applications, these findings will be essential 
for their reliable and robust operation. 
Another area where a thorough understanding of the underlying mechanisms in the 
carrier-envelope phase control is important is in time-resolved experiments sensitive to 
the electric field of the pulse. The study here presented opens up the possibility for 
ultimately low carrier-envelope phase jitter in few cycle optical pulses. 
In this chapter, we investigate the carrier-envelope phase dynamics of octave-spanning 
Ti:sapphire lasers and perform a complete noise analysis of the carrier-envelope phase 
stabilization 1621. We model the effect of the laser dynamics on the residual carrier- 
envelope phase noise by deriving a transfer function representation of the octavespanning 
frequency comb. The modelled phase noise and the experimental results show excellent 
agreement. This greatly enhances our capability of predicting the dependence of the 
residual carrier-envelope phase noise on the feedback loop filter, the carrier-envelope 
frequency c::ontrol mechanism and the pump laser used. 
Detailed studies of the intensity-related fcE dynamics have been performed in Ti:sapphire 
mode-locked lasers which employ external fiber broadening for the generation of octave- 
spanning spectra and fCE control [63]. A connection between the dependence of the 
carrier-envelope frequency, the laser repetition rate and the center frequency of the pulse 
spectrum on intracavity pulse energy was found. The experiments showed that the 
carrier-envelope phase control coefficient CfPp = A fcE/aPp,  where AP, is a change 
in pump power, could change signs, consistent with the shifting of the spectrum with 
pump power also changing signs. In order to obtain optimum conditions for fCE control, 
the dependt~nce of Cfp.on intracavity power and, therefore, on pump power is of prime 
importance. 
In octave-spanning lasers the carrier-envelope phase dynamics is much simpler. This 
is due to the fact that the center frequency of the pulse has no observable change with 
pump power, because the pulse spectrum fills up all the available bandwidth and is in 
fact limited by the bandwidth of the output couplers available. Then a change of the 
carrier-envelope frequency due to changes of the center frequency of the pulse is absent 
and the carrier-envelope frequency responds only to changes in the intracavity pulse 
energy and the concomitant changes in phase and group velocity related to the nonlinear 
refractive index. This response has a simple linear behavior, provided care is taken to 
work in a power region where the laser is operating in a unique single pulse regime, i.e., 
no continuous-wave (cw) component or multiple pulse operation is present. 
In this chapter, we present a full char act erization of the intensity-relat ed carrier- 
envelope phase dynamics in octave-spanning frequency combs (OSFCs) and its impact 
on carrier-envelope phase control. We begin by describing, in Section 6.1, the observation 
of the intensity-dependent shift of the carrier-envelope frequency and its connection with 
mode-locking theory. Then, motivated by our observations of different carrier-envelope 
phase jitter in two OSFCs pumped by different lasers, we present in Section 6.2 a complete 
noise analysis of a carrier-envelope phase stabilized system, which shows that the laser 
dynamics related to pulse energy and gain plays an important role in the overall control 
loop and needs to be taken into account if ultimately low residual carrier-envelope phase 
jitter is desired. 
In order to include the gain dynamics in the noise analysis, a transfer function repre- 
sent at ion of the OSFC stabilization is given, which enables a quantitative noise analysis 
and eventually optimization of the overall system. It is shown that there is a major dif- 
ference in the laser dynamics of the continuous-wave running laser and that of the mode- 
locked laser and that this dynamics has impact in the noise analysis. Measurement of the 
transfer function of the OSFC confirms the global behavior of the theoretical predictions 
and leads to excellent agreement between the computed and measured carrier-envelope 
phase dynamics and noise char act erist ics . 
6.1 Carrier-envelope phase dynamics of mode-locked 
lasers 
In this section we summarize the linear and nonlinear effects in the laser cavity that may 
lead to a carrier-envelope phase shift per round trip A&, and, therefore, contribute to 
the carrier-envelope frequency via 
If we assume that the laser operates at carrier frequency fc, then the complex carrier 
wave of the pulse is given by 
where up is the phase velocity of the carrier wave in the cavity. In the absence of nonlin- 
earities the phase velocity is simply the ratio between frequency and wave number due 
to the linear refractive index of the media in the cavity, i.e., up = up( fc) = 27r f,/k( f,). 
The envelope of a pulse that builds up in the cavity due to the mode-locking process will 
travel at th.e group velocity due to the presence of the linear media given by vg = v,( f,) = 
27r[dk( fc)/d fc]-'. Therefore, after one round trip of the pulse over a distance 2L, which 
takes the time TR = 2L/ug, we obtain from Eq. (6.2) that the linear contribution to the 
carrier-envelope phase shift caused by the difference between phase and group velocities 
is 
and for the subsequent carrier-envelope frequency 
In a dispersive medium, group and phase velocities depend on the carrier frequency. 
Therefore, if the carrier frequency shifts as a function of the intracavity pulse energy, the 
linear carriti:r-envelope frequency becomes energy and pump power dependent as found 
in Ref. [63] . 
In a mode-locked laser there are also nonlinear processes at work that may directly 
lead to an energy-depended carrier-envelope frequency as has been shown by Haus and 
Ippen .There are many effects that may contribute to such a shift. Here we re-derive 
briefly the effects due to the intensity-dependent refractive index as discussed by Haus 
and Ippen [64] for the case of a laser with strong soliton-like pulse shaping which can be 
evaluated a~ialytically using soliton perturbation theory. We then argue that the same 
analysis holds for the general case where steady-state pulse formation is different from 
conventional solit on pulse shaping. 
We start from the description of a mode-locked laser by a master equation of the form 
where we have already factored out the carrier wave [40]. Here, Dirrev is an operator that 
describes the irreversible dynamics occurring in a mode-locked laser such as gain, loss 
and saturable absorption. A A(T, t) is the slowly varying field envelope whose shape is 
investigated on two time scales: first, the global time T which is coarse grained on the time 
scale of the round-trip time TR, and second, the local time t which resolves the resulting 
pulse shape. A(T, t) is normalized such that ( A(T, t)  l 2  is the instantaneous power and 
d2k is the groupvelocity dispersion J dt IA(T, t) l 2  the pulse energy at time T. D2 = 
(GVD) parameter for a dispersive medium. The Kerr coefficient is b = (2njX,)n2LjAefl, 
where A, is the carrier wavelength, n2 is the nonlinear index in cm/W, and AeE is the 
effective mode cross-sectional area in cm. Strictly speaking, as already discussed in 
chapter 3, Eq. (6.5) only applies to a laser with small changes in pulse shape within one 
round trip. Obviously this is not the case for few-cycle laser pulses where the pulse 
formation is governed by dispersion-managed mode locking [46]. Nevertheless we want 
to understand this propagation equation as an effective equation of motion for the laser, 
where some of the parameters need to be determined self-consistently [40]. 
Let us assume that the laser operates in the negative GVD regime, where a conven- 
tional soliton-like pulse forms and that it is stabilized by the effective saturable absorber 
action against the filtering effects. Then the steady-state pulse solution is close to a fun- 
damental soliton, i.e., a symmetric sech-shaped pulse that acquires an energy-dependent 
nonlinear phase shift per round trip due to the nonlinear refractive index 
see Ref. [64]. The nonlinear phase shift per round trip is 
so called the Kerr phase shift. The derivation of this phase shift contains an approxi- 
mation, as discussed in Sec. 3.2.1, where the nonlinear term in K (fl) contains only the 
center frequency of the pulse w,. A more careful treatment of the influence of the Kerr 
effect on the pulse propagation, especially for few-cycle pulses, needs to take the self- 
steepening of the pulse into account, i.e., the variation of the index of refraction during 
an optical cycle, by adding to the master equation the term [65] 
This term comes into the NLSE directly by considering the two nonlinear contributions 
to expansion 3.14. Therefore, it is clear that it is a consequence of the Kerr effect and 
is not related to soliton propagation. It can be viewed as a perturbation to the master 
equation (6.5). For pulses with r much longer than an optical cycle, this self-steepening 
term is unirnportant in pulse shaping, because it is on the order of l/w,.r << 1. However, 
this term is always of importance when the phase shifts acquired by the pulse during 
propagation are considered. Haus and Ippen found, by using soliton perturbation theory 
based on the eigensolutions of the unperturbed linearized Schrodinger equation, analytic 
expressions for the changes in phase and group velocity. Obviously, the nonlinear phase 
shift per round trip of the soliton adds an additional phase shift to the pulse in each 
round trip. 
If the term in (6.8) is applied to a real and symmetric waveform, it generates an odd 
waveform. An odd waveform added as a perturbation to the symmetric waveform of 
the steady-state pulse leads, to first order, to a temporal shift of the steady-state pulse. 
For a solit on-like steady-st ate solution this timing shift can be evaluated with solit on 
perturbation theory, i-e., using the basis functions of the linearized operator, and results 
in a timing shift [64], [66]. 
S 
TR 2 4 s  aAt(T)I =~(J-)=-A;=-. 
aT self-steep W c  LJ c 
In total, the compound effect of self-phase modulation, self-steepening, and linear dis- 
persion on the pulse results in a carrier-envelope frequency of 
As the above expression shows, the term arising from the group delay change due to self- 
steepening is twice as large and of opposite sign compared with the one due to self-phase 
modulation. In total we obtain 
We emphasize that soliton perturbation theory was only used in this derivation for an- 
alytical evaluation of timing shifts. If the pulse shaping in the laser is not governed by 
conventional solit on format ion but rat her by dispersion-managed soliton dynamics [46] or 
a saturable absorber, the fundament a1 physics stays the same. If the steady-state solution 
has a real and symmetric component, the self-steepening term converts this component 
via the derivative into a real and odd term, which is to first order a timing shift in the 
autonomous dynamics of the free running mode-locked laser. Another mechanism that 
leads to a timing shift is, for example, the action of a slow saturable absorber, which 
absorbs only the front of the pulse. So care needs to be taken to include all relevant 
effects when a given laser system is analyzed. 
The derivation above shows that the group velocity change due to self-steepening of 
the pulse leads to a change in sign of the energy-dependent contribution at fixed center 
wavelength of the pulse. We checked this prediction by observing the carrier-envelope 
frequency shift in a 200 MHz repetition rate octave-spanning laser. We identified which 
of the peaks in the RF spectrum corresponded to the carrier-envelope frequency by 
inserting BaFz material in the laser and observing which peak moved up in frequency 
(adding dispersion causes v,/v, to decrease, thus increasing the magnitude of the second 
term in Eq. (6.11)). We then varied the pump power and observed that the same peak 
also moved up in frequency, confirming the prediction by Eq. (6.11). 
Fig.6-1 (a) shows the carrier-envelope frequency shift as a function of pump power. As 
Eq. (6.5) predicts, the carrier-envelope frequency shift follows linearly the pump power 
over the range where the intracavity laser power (or pulse energy) depends linearly on the 
pump power. This is the case as long the laser operates in a unique single pulse regime. 
For higher pump powers, cw background radiation breaks through and the theory on 
which Eq. (6.11) is based no longer holds because the intracavity power is now divided 
between two components, the pulse and the cw solution, see Fig. 6-l(b) and (c) .  The 
observed turning point is not implicit to the pulse dynamics itself, but is due to the 
appearance of a cw component in the spectrum, as is easy to see in Fig.6-1. After the cw 
component is present, any increase in pump power enhances the cw component and most 
likely decreases the pulse energy, causing fcE to eventually shift in the opposite direction. 
This is a consequence of the fact that the Kerr lens mode-locking (KLM) action does 
not increase indefinitely, i.e., there is an upper value for the pulse energy and a further 
increase in pump power will either contribute to cw breakthrough or lead to multiple 
pulses. Therefore, care must be taken to operate at an optimum pump power level which 
is significantly below this threshold value for single pulse instabilities. From the data 
shown in Fig. 6-1, the pump power to carrier-envelope frequency conversion coefficient 
for the 200 MHz lasers is CfP, = 11 MHz/W. Fig. 6-1 also shows the relative change of 
the intracavity pulse energy as a function of the same variation in pump power. The 
appearance of a cw component is also explicitly indicated in this measurement by the 
abrupt change in the observed slope. The shallow slope of the change in the average 
power in pulsed operation as compared to the change in power in cw operation is an 
indication of the strength of the saturable absorption and the bandwidth limitation of 
the laser. From this data, we can infer a relatively weak response in the change of the 
pulse energy in mode-locked operation and therefore a correspondingly weak response in 
the fCE change, which in fact will be confirmed in the transfer function analysis discussed 
in the next section. 
Now, we can compare quantitatively the measured shift of fcE in Fig. 6-1 with the 
theoretically derived result from soliton perturbation theory. It turns out that the mea- 
surement and theory agree very well, despite the fact that the laser dynamics differ from 
the ideal conve;tional solit on operat ion regime. 
I 
The conversion coefficient 
where is the intracavity power in mode-locked operation, can now be determined 
in terms of known cavity parameters under the assumption of a fixed pulse width, 
I 
where L = 4 mm is the path length per round trip through the Ti:sapphire crystal, 
I 
n2 = 3 x m2 /W is the nonlinear index of refraction for Ti:sapphire, Xc = 800 nm 
is the carrier wavelength, Aetr = T W ;  (wo = 16 pm) is the mode cross sectional area, 
r = rFWHM/ 1.76 with a pulse width of T F W H M  = 5 fs, and entra = 12 W is the intracavity 
I 
power. This expression gives, for a 5% change in intracavity power, a correspondi6g 
change in fCE of 9.6 MHz, which agrees well with the results shown in Fig. 6-1. 
Despite this surprisingly good agreement, one has to be aware that the spot size 
and other parameters are rough estimates, which may easily change depending on cavity 
alignment. Also the pulse width is not constant in the crystal but rather stretching and 
compressing by more than a factor of 2. Nevertheless, the experimental observations in 
Fig. 6- 1 agree well with the above theoretical estimate obtained from conventional soliton 
Pump power: 6.1 W 
Pump power: 6.8 W 
wavelength (nm) 
Figure 6-1: (a): Carrier-envelope frequency shift (left axis) and relative change in intra- 
cavity power (right axis) as a function of pump power. Both curves make eviden the 
presence of a cw breakthrough for pump powers above 6.3 W, which is confirmed by the 
appearance of a cw component in the optical spectrum shown in (b). For clarity, the 
spectra are vertically offset by 10 dB. 
format ion. 
6.2 Noise analysis of fcE-stabilized lasers 
The design and overall setup of carrier-envelope phase stabilized OSFC has been exten- 
sively discussed in Chapters 4 and 5. We have built two of these OSFCs at 200MHz 
I 
repetition rate with slightly different loop filter designs and pumped by different pump 
lasers. One is using a single-longitudinal-mode (slm) Nd:W04 pump laser (Verdi-V10, 
Coherent) and the other a multi-longitudinal-mode (rnlm) Nd:WO4 pump laser (Mil- 
lennia Xs, Spectra-Physics). Fig. 6-2 depicts the measured relative intensity noise (RIN) 
for the mlm pump laser and slm pump laser. The mlm pump laser shows significantly 
I 
higher relative intensity noise in the high-frequency range, whereas the slm pump laser 
has higher RIN at very low frequencies. Recently, S. Witte et al. [67] also characterized 
the influence of RIN of these pump lasers on the residual carrier-envelope phase noise for a 
10-fs Ti:sapphire laser employing chirped mirrors for intracavity dispersion compensation 
and external spectral broadening in a microstructure fiber, however, no rigorous noise 
I 
analysis has been performed so far. The purpose of this section is to elucidate the impact 
of the RIN of different pump lasers on the finally achievable carrier-envelope phase noise 
l 
and how the feedback mechanism and the design of the feedback loop employed impacts 
residual carrier-envelope phase noise. 
Fig. 6-3 shows the corresponding spectrally-resolved and integrated carrier-envelope 
phase error measured for the two 200 MHz OSFCs which are directly carrier-envelope 
phase locked. In agreement with the data measured by S. Witte et al., the high-frequency 
carrier-envelope phase noise is found to be larger for the mlm pump laser. The carrier- 
envelope phase fluctuations at lower frequencies, which are smaller for the rnlm pump 
laser, are strongly suppressed by the large proportional-integral (PI) control loop gain 
and therefore do not contribute significantly to the residual carrier-envelope phase noise. 
The residual carrier-envelope phase fluctuations of the OSFC pumped by the mlm pump 
frequency (Hz) 
Figure 6-2: Relative intensity noise (RIN) of a Coherent Verdi-V6 (black curve) and a 
Spectra-Physics Millenia Xs (dark grey curve). The measurement noise floor is given by 
the black curve. 
laser amount to 0.257 rad, compared to only 0.117 rad if the slm laser is used. First of 
all it is surprising that the mlm pumped system is only 2.2 times worse than the slm 
pumped system despite the fact that the high-frequency noise of the mlm pump is so 
much worse. As we will see this is so because the feedback gain is large below 100 kHz. 
Obviously the system pumped by the mlm pump laser could easily do equally well if 
the feedback-loop bandwidth could be extended by one order of magnitude. The reasons 
why the high-frequency noise of the mlm pump can not be further suppressed will be 
elaborated further in the following feedback analysis. 
From a control systems point of view, the fcE-stabilized laser is a phaselocked loop 
(PLL) [68], where the voltage-controlled oscillator (VCO) is the carrier-envelope fre- 
quency controlled OSFC, which is the block indicated by the dashed frame in Fig. 6-4. 
When the laser is turned on, the carrier-envelope frequency fcE is determined by the 
cavity pararnet ers and alignment, equivalent to the center frequency of oscillation of the 
VCO in a PLL. A voltage applied to the acouto-optic modulator (AOM) driver changes 
this frequency by an amount proportional to the equivalent VCO gain of the system. 
frequency (Hz) 
Figure 6-3: Comparison of the carrier-envelope phase noise of a self-referenced 200 MHz 
Ti:sapphire frequency comb pumped by a Coherent Verdi-V6 (solid and dashed black 
curves) and by a Spectra-Physics Millenia Xs (solid and dashed grey curves). The solid 
curves represent the spectral density of the phase noise and the dashed curves represent 
the accumulated phase. 
The model depicted in Fig. 6-4 includes all the electronic components used in the stabi- 
lization (phase detector, AOM and loop filter), whose transfer characteristics are easy to 
measure and to describe by an analytic model. Assuming an instantaneous response of 
the carrier-envelope frequency to the pump power via a constant Cfpp,  one is not able to 
reproduce the measured carrier-envelope phase noise spectrum. Therefore, the impact of 
the frequency response of the OSFC system must be taken into account in the analysis, 
which was done by considering the transfer function between the intracavity laser power 
(or pulse energy) and the pump power via the laser gain dynamics. 
6.2.1 Transfer function representation for the pulse energy ver- 
sus pump power dynamics 
The starting point for derivation of the transfer function are laser rate equations for 
pulse energy and gain, which can be derived from the master equation (6.5) by proper 
Phase error 
Lo + 
+PD KPDAO,, , 
/Pump[ 
laser 
Ti:sapphire 1 2 
laser + 4 I AOM AOM 
f,, detection driver 
VCO 
Figure 6-4: Block diagram of the phaselock loop (PLL) composed of the fcE-stabilized 
laser. The voltage-controlled oscillator (VCO) is depicted in the dashed box. 
elimination of the remaining degrees of freedom in the mode-locked laser as has been 
derived for example in the case of soliton lasers mode locked by slow saturable absorbers 
[69, 701. One can write 
d E  
TR- = (9 - 1 - q(E))  E dT 
where 
TR = cavity round-trip time, 
TL  = upper state lifetime, 
1 = total non-saturable loss, 
qml(E) = effective energy-dependent saturable absorber and filter loss (for more 
detail, e.g., see Ref. [70]), 
go = small-signal gain, which is proportional to pump power, 
ESat = saturation energy of the gain medium. 
Many assumptions have been made when using these equations to describe the en- 
ergy and gain dynamics. For example, possible frequency shifts and back action of the 
background radiation onto the energy and gain dynamics, i.e., the details of the pulse 
shaping mechanism, are neglected. We have denoted the time coordinate as capital T 
to emphasize the fact that this dynamics occurs on the time scale of many cavity round 
trips. This is possible for solid-state laser gain media because the interaction cross section 
is small and therefore the gain saturates with average power rather than with a single 
passage of the pulse through the gain medium [69]. 
Note that the most important term in the rate equations is the mode locking related 
I 
energy-dependent loss qml(E), which comprises the loss during saturation of the absorber 
as well as additional losses due to the bandwidth limit at ions of the system, which increase 
with additional spectral broadening or increasing intracavity pulse energy [70]. A typical 
characteristic dependence of qml(E) on intracavity pulse energy is shown in Fig. 6-5. To 
derive a transfer function for the laser, we linearize Eqs. (6.14) and (6.15) around the 
steady-state operating point, denoted by the subscript s: E = Es + AE, g = gs + Ag, 
= gos + Ago, q(E) = q(Es+ AE) q(Es) + %IE=E.AE qs + ~ A E  to get the set 
Figure 6-5: Mode locking related energy-dependent loss qml(E). Stable mode locking 
occurs at operating point 2 where dqml/dE > 0. 
of linearized equations 
dAg - TR gs  TR 
- -- 
T R ~  Tstirn ~ g -  -AEEsat + -ago T L  
where Tstim is the stimulated lifetime given by T L  (1 + r L  E ~ / T ~ E ~ ~ ~ ) - ~ .  By taking the 
Laplace transform of the above equations ( & + s ,  where s  is the Laplace variable, equal 
to -iw), it is straightforward to derive a pump power to pulse energy transfer function, 
by writing go as K,, P,. Defining the pump parameter r = 1 +TLES/TREsat -- 1 + P5/Psat, 
which indicates how many times the laser operates above threshold, we arrive at 
where T, = TR/l is the photon decay time due to the linear cavity losses in cw operation. 
So far we have considered the mode-locked case, but a similar relation can be obtained 
for the intracavity power in cw operation simply by setting the saturable absorber terms 
in Eq. (6.18) to zero: 
However, the laser parameters, like mode cross section in the gain medium likely change 
values when the laser changes from cw operation to mode-locked operation, but since we 
have no way of measuring them in mode-locked operation, we have estimated them based 
on our knowledge of laser parameters in cw operation and used those to examine the effect 
of the inclusion of the saturable absorber into the transfer function. Fig. 6-6 shows the 
pump power to intracavity power transfer functions, in amplitude and phase, for cw and 
mode-locked operation for different values of the term SP,. It is obvious that the mode 
locking of the laser drastically changes the transfer characteristic between pump power 
and intracavity power due to the pulse operation, which introduces the term P, into 
the rate equation (6.16). Depending on its sign this term enhances (for dq/dE < 0 it may 
lead to Q-switching when large enough) or strongly damps (for dq/aE > 0) intracavity 
. 
energy fluctuations. In cw operation its absence usually leads to pronounced relaxat ion 
oscillations, see Fig. 6-6. As we can see, the stronger the effective inverse saturable 
absorption, the more damped become the relaxation oscillations in the laser, and the 
weaker becomes the response at all frequencies. This result has to be expected, because 
I 
the stronger the inverse saturable absorption the more clamped become the pulse energy 
l 
and the average power. 
The model is verified by measuring the transfer function of the laser in cw and mode- 
locked operation. The measurement is performed by using a network analyzer (Agilent 
4395A) as shown in Fig.6-7. Care has to be taken to assure that no cw component 
is present in mode-locked operation during the measurements. The results are shown 
in Fig.6-8. Also shown in the same plots are the amplitude and phase of the transfer 
function given by Eq. (6.18). For the cw case, q(E) = 0. The parameter r was measured 
t o  be 3.22, while the intracavity loss, 1, which determines the value of T, and comes in the 
expression for the relaxation oscillation of the cw laser w, = ,/%, was used to fit the 
model with the measured result for the cw case. The value obtained was 1 = 0.22. Kg, 
frequency (Hz) frequency (Hz) 
Figure 6-6: Calculated amplitude and phase response of intracavity power with pump 
power for cw operation (black) and for different values of saturable absorption: %ps = 
10r/rL (dark grey), %P, = 50r l . r~  (light grey) and $$P, = 1 5 0 r / ~ ~  (dashed). 
was then calculated using the relationship go = Kg, P, = rl = 0.15 [17]. As can be seen in 
Fig. 6-8, the model describes well the gain dynamics in cw operation. For the mode-locked 
case, we included the effect of the saturable absorber and modified the other parameters 
in such a way as to fit the measured and calculated transfer functions as close as possible, 
especially for frequencies beyond 10 kHz, where the impact on the final noise calculation is 
most pronounced. A close fit was achieved by setting SP, = 150 r / rL ,  qs = 1, 1 = 0.17, 
r = 3.5 and Kg, = 0.23. Fig. 6-8 shows that the approximations made in the model 
do not fully describe the system, i.e., we neglect the interaction with the continuum, 
which is an infinite-dimensional system. In the measurements, a significant change in the 
amplitude response from low to high frequencies, in the 1-100 kHz range, is observed 
in modelocked operation, which is an indication of additional slow processes that may 
he occurring in the mode-locked laser that are absent in the cw laser. Nevertheless, 
the model gives good qualitative and quantitative description of the laser dynamics and 
the final transfer function mimics the global behavior of the measured transfer function 
while still being simple. It confirms our observations on the strength of the saturable 
absorption in such systems, explicit in the measurements shown in Fig. 6-1. As will be 
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Figure 6-7: Schematic of he transfer function measurement setup. In order to measure 
only the contribution from the laser itself, a first calibration measurement is performed 
with PD1 measuring the AOM and AOM driver response (PD1 and PD2 are the same 
photo detector, Thorlabs model PDA-55). The laser transfer function is measured by the 
network analyser, Agilent model 4395A, by detecting with PD2 the reflection from one 
intracavity BaF2 plate. 
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Figure 6-8: Measured (solid curves) and modelled (dashed curves) amplitude and phase 
response of OSFC laser, in CW and mode-locked operation. 
shown in the next section, the inclusion of this transfer function in the noise analysis is 
essential in deriving the correct noise behavior of the system. 
6.2.2 Determination of the carrier-envelope phase error 
To calculate the carrier-envelope phase noise spectrum of the OSFC, a linear noise analy- 
sis is performed. The block diagram in Fig. 6-9 shows the closed loop system. The input 
noise source, characterized by the power spectral density of the pump noise Sp (s), which 
is the RIN multiplied by the square of the pump power, is converted to the carrier- 
envelope phase noise spectral density Sm(s) in the laser and is partially suppressed in the 
feedback loop. The feedback path consists of the phase detector, the loop filter and the 
AOM, with transfer functions denoted by HPD (s) , HLF (s) and HAOM (s) , respectively. 
Table 6.1 shows the corresponding analytic expressions. The loop filt,er consists of a sim- 
ple PI controller and the AOM is, up to a small drop in amplitude for higher frequencies, 
equivalent to a delay line with a propagation delay given by the time it takes for the 
acoustic wave to travel from the piezoelectric transducer to the optical beam. We set 
this delay to 1.73 ps to match the measured transfer function. The limitations of the 
bandwidth of the AOM are not taken into account here because the measurements show 
that it is approximately flat out to 1 MHz, whereas we observe that our loop bandwidth 
is significantly smaller. The calculated and measured transfer functions for the loop filter 
and the AOM are shown in Fig.6-10. We consider the phase detector (Analog Devices 
AD9901) transfer function to be flat based on its datasheet. 
In the noise analysis we consider the case of the OSFC pumped by the multi-longitudinal- 
mode pump laser because of the increased high-frequency noise in such systems as dis- 
cussed above. Given the RIN measurement in Fig. 6-2 as the input noise source, we 
calculate S4(s) using the transfer functions in Table 6.1 to derive the closed loop trans- 
fer function that describes the conversion of pump noise Sp(s) to carrier-envelope phase 
noise Sd(s), 
Then, S+(s) is obtained by multiplying the absolute intensity noise of the pump laser, 
Sp (s) , with the magnitude squared of HCL given by expression (6.19) [68]: 
The calculated and measured carrier-envelope phase noise are shown in Fig.6-11. 
Already given in the previous section, the values for the parameters used in HTiS,(s) are 
those which closely match the measured and calculated OSFC transfer function in mode- 
Table 6.1: Transfer functions of the Ti:sapphire laser, phase detector, loop filter, and 
AOM. 
Figure 6-9: Block diagram describing the addition of intensity noise to the laser PLL. 
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frequency (Hz) frequency (Hz) 
Figure 6- 10: Measured (grey) and calculated (black) transfer functions for loop filer (top) 
and AOM (bottom). 
frequency (Hz) 
Figure 6-1 1: Carrier-envelope phase noise spectrum of the Millenia-Xs-pumped OSFC. 
The red curve is the calculated spectrum and the blue curve is the measurement. 
locked operation in the range between 10 kHz and 1 MHz. When only the pump noise was 
used as a noise source, we found that the calculated and measured S+(s) showed good 
agreement up to 200 kHz, beyond which point the measurement showed enhanced noise. 
This was determined to be due to electronic noise at the output of the phase detector, 
which needs to be considered as an additional noise source in the analysis to get a good 
fit beyond 200 kHz. We added this white noise source SpD in the loop, which converts to 
a final contribution to S+(s) by the closed-loop transfer function 
where the magnitude of the noise source SpD was estimated based on the measurement. 
To verify the importance of the effect of the laser dynamics on the predicted noise, we 
have performed the same noise calculation, but considering only the integrating effect of 
the VCO on the phase and neglecting the transfer function 6.18, as shown in Fig. 5-2. 
Figure 6-12 shows such a simulation compared to the measured phase noise. 
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Figure 6-12: Calculated (black) and measured (grey) phase noise spectrum of carrier- 
envelope phase stabilized laser without taking the laser gain dynamics into account in 
the simulta,ion. Because the low-pass filtering effect of the laser dynamic is absent, it is 
in theory possible to suppress the noise further without compromising the loop st ability. 
1mprovc:d noise performance could be obtained by increasing the closed-loop band- 
width, which is currently about 100 kHz. This bandwidth is dictated by the phase margin 
of the feedback loop, which according to the Nyquist theorem may run unstable when the 
gain is larger than 1 while the phase approaches 180" [56]. Note that the VCO integrates 
a frequency deviation into a phase deviation causing the feedback loop to start off with 
a -90" phase, as  can be seen in Fig. 6-13. When the bandwidth of the gain medium is 
approached, additional phase accumulates from the gain dynamics and the time delay 
from the AOM (see Fig. 6-13), which renders the system unstable if the gain setting is 
not properly reduced. Of course, for a reasonably stable system and optimum operation 
of the feedback loop, large enough gain and phase margins are necessary. This imposes 
a limitation to the maximum loop gain since the jointly added phase from HAOM (s) and 
HTisa(s) contribute to a decrease in the phase margin. However, now that the different 
phase contributions to the feedback loop are well understood, the noise suppression at 
high frequencies could be improved by custom design of the control electronics. For ex- 
ample, by adding a lead-lag compensator [56], the limitation from the added phases could 
be overcome. Also, replacing the AOM by an electro-optic modulator would eliminate 
I 
the contribution to the open-loop phase from the time delay of the AOM. 
I 
frequency (Hz) frequency (Hz) 
Figure 6-13: Amplitude (top) and phase (bottom) of open-loop transfer function of the 
laser PLL (solid black curves) corresponding to Fig. 6-9. The contribution from the loop 
filter (dark grey), AOM (light grey) and laser dynamics (dashed) to the open-loop phase 
are also shown. The zoomed plots on the right-hand side confirm that the PLL satisfies 
the Nyquist stability criterium (with gain margin 2 dB, phase margin 12"). 
Chapter 7 
Applications to frequency metrology 
of ultracold hydrogen 
This frequency comb has been developed with the goal of carrying out ultraprecise spec- 
troscopy of ultracold hydrogen and also of creating an optical clock based on the 1s-2s 
two-photon transition. As the first step of applying optical frequency metrology to atomic 
hydrogen, we planned to study two-photon optical transitions originating from the 2s 
state, which is metastable. The frequency comb would be used to measure the frequen- 
cies of several 2s-nS transitions, with n higher than 6, directly in terms of the frequency 
of the 1s-2s transition, which has been measured to about 1 part in 1014 [71]. The goal 
for precision in these measurements is relatively modest -about part in 1012- but this 
would be of immediate scientific value, leading to a ten-fold increase in the precision of 
the Rydberg constant and contribute to an improvement of the knowledge of the Lamb 
shift in hydrogen. F'urthermore, such a measurement would be directly in line toward 
the next step, improving the precision of the IS-2s frequency, currently the best known 
optical frequency, to significantly greater than 1 part in 1014. 
The rationale for pursuing two-photon spectroscopy of ultracold metastable hydrogen 
with the goal of improving on the frequency measurement of these transitions is discussed 
in more detail in the thesis of Kendra Vant [2]. Because the diode laser system presented 
in that thesis was specifically designed to perform two-photon spectroscopy copy of the 
2s-8s transition, Section 7.1 will be devoted to describing how this frequency measure- 
ment can be performed using our existing system. However, this same approach can be 
applied to measuring any 2s-nS transition, with n in the range from 6 to 12, since the 
comb spect,rum spans the whole frequency range in question. Techniques for carrying out 
two-photon spectroscopy of 2s metastables are described in [2]. 
As the ultimate goal of our optical frequency metrology efforts at MIT is to improve 
the determination of the 1s-2s transition, Section 7.2 is devoted to describing how that 
experiment. can be performed. The focus of the discussion here is on the frequency 
metrology aspects of this experiment. The experimental methods of the spectroscopy in 
itself will be described elsewhere. 
7.1 Measuring the 2s-8s transition 
The frequency of the 2s-8s transition can be found by using the comb to bridge the 77 
THz frequency gap between a laser stabilized to hydrogen at 486 nm - one quarter of the 
1s-2s frequency - and a laser tuned to the 2s-8s two-photon transition at 778 nm, as 
the schematic on Fig. 7-1 shows. An important aspect of this scheme is that the IS-2s 
transition serves as our frequency reference, known to 1.8 parts in 1014. 
The schematic of the optical setup can be seen in Fig. 7-2. The atomic transition 
is probed by a diode laser stabilized to the comb at 778 nm (not shown). A beatnote 
is generated between the output of that laser and a line of the frequency comb. Mode 
preselection is done with the help of an optical grating (for details, see 121). Obtaining 
good SIN in this case is the most challenging of all the optical beatnotes involving the 
comb. For two cw lasers with about the same power available, the one which provides the 
narrowest linewidth will generate a larger SIN in the beatnote with the comb line. The 
dye laser which is used to stabilize the comb is itself stabilized to a high-finesse cavity, 
providing it with a linewidth on the order of 1 kHz. In contrast, the diode laser, which 
is to be locked to the comb, has a relatively broad passive linewidth of 300 kHz. This 
makes the comb-diode beat signal correspondingly broader, with a lower peak SIN than 
the dye-comb beat signal. The best we have observed is 30 dB in 100 kHz RBW, just 
enough for phase locking without cycle slips. In this case, the diode laser is locked to the 
frequency comb by means of a PLL with the same electronic circuits already described in 
the previous chapter. The error signal is fed back to the diode laser, and phase-locking 
without cycle slips can be obtained by increasing the linear phase detection range to 3 2 ~ .  
The first step in performing a frequency measurement involves of course locking the 
comb to the 1s-2s transition in hydrogen as described in Chapter 5. Then, the diode laser 
is locked to the comb and therefore also referenced to the IS-2s transition. As can be seen 
in the diagram in Fig. 7-3, a determination of the 2s-8s frequency requires determining 
the quantities fCE, fR, m, n, fbeatl and fbeat2. The RF frequencies fCE, fR, fbeatl and 
fbeat2 are measured using frequency counters as Fig. 7-4 shows. The next step requires 
unambiguously determining which comb line each laser is locked to, which amounts to 
determining the integers m and n in the diagram of Fig. 7-3 to a precision better than 
&I. Since we do not have a wave meter with enough resolution to distinguish individual 
comb lines, this absolute frequency calibration can be done by utilizing intermediate 
absolute frequency references. The requirement is that they can determine the frequency 
of the cw lasers to better than the repetition rate, or 191 MHz. For the dye laser, at 
486 nm, the frequency is generally known absolutely to within 20 kHz or less, since the 
1s-2s signal serves as our reference and has rountinely been observed in our apparatus 
with typical linewidths of 10 kHz. For the 778 nm laser, a molecular iodine frequency 
reference can be used to determine the 2s-8s frequency to within 10 MHz, adequate to 
determine the nearest comb line, since these are separated by 191 MHz. Given the cw 
laser frequencies and the 4 measured RF frequencies from counters 1, 2, 3 and 4, we can 
excite 2s-8s I 
Figure 7- 1 : Schematic represent at ion of complete setup to perform optical frequency 
metrology of ultracold hydrogen. The comb bridges different optical transition frequenies, 
in this case 1s-2s to 2s-8s. 
Figure 7-2: Complete optical setup for metrology of ultracold hydrogen. The section 
here that has not been shown previously is the heterodyne beat setup between the comb 
and the 2s-8s spectroscopy diode laser. It is similar to  the comb-dye laser setup with 
the only difference being the mode pre-selection, which is done here with the help of a 
grating. 
express the relationship between them as: 
1 
fbeatl = +(2un - 2 ( - ~ 1 ~ - 2 ~ ) )  8 
1 
and 
where the factor of 2 in Eq. 7.1 comes from the fact that we double the comb to observe 
the beat signal fbeatl with the dye laser. The star (*) in Eq. 7.2 is to indicate that 
this is a "coarse" number obtained from the iodine reference and not the final frequency 
measurement. As a convention, f is used for radio frequencies and v is used for optical 
frequencies. The & sign in both equations is to account for the possibility of the beat 
being between the cw laser and the comb line directly above (+) or below (-) in frequency. 
This can be easily determined by observing how the beat signal changes as a positive 
voltage is given to the PZT which controls the laser cavity length. For simplicity lets 
assume the beat is between the cw laser and the comb line directly above it. Then, we 
fbea t l  - 2 f ~ ~  f i ~ l S - 2 S  
n = 
2 . f ~  
and 
Since ivls-zs = 616 THz and v;s-8s = 385 THz, in order to determine m and n to 
within k1 it is necessary for this purpose to measure fR to better than 60 Hz, easily 
achievable with any standard frequency counter. 
frequency 
Figure 7-3: Schematic representation of relevant quantities in relation to each other in 
the frequency domain. This is a simplified representation where a cw laser is present at 
972 nm which generates fbeatl. In reality, as previously described, the comb is converted 
t d  486 nm via SFG. 
486 nrn dye laser 
(I S-2s) 
counter I fbat, 
- counter2 . f R  
counter 3 . SCE 
counter 4 f,.,, 
1 778 nrn diode laser I 
Figure 7-4: Frequency measurement setup, with four frequency counters to measure the 
comb parameters fCE and fR as well as the heterodyne beats with the cw lasers. 
Given t,he values of m and n, the relative value for the 2s-8s transition is 
It is clear from the previous expression that the (un)certainty obtained in this measure- 
ment is limited by the uncertainty in vls-2s. All of the radio frequencies are phase-locked 
to a stable synthesizer and offer no contribution to the final uncertainty at the level of 
10-12. To give an example, a moderately stable RF source at 50 MHz with a stability 
of lo-" will add only 5 x lo7 x lo-" = 5 mHz noise to the final measurement, about 1 
part in 10-17. On the other hand, the dye laser has a linewidth of a few kHz, 6 orders of 
magnitude larger than the typical RF noise. 
7.2 Measuring the 1s-2s transition 
With a 1.2 Hz natural linewidth at a center frequency of 1200 THz (relative (in)stability 
of 10-15), the 1s-2s transition in hydrogen offers possibilities of unprecedented resolution 
and precision and potentially one of the highest accuracies for physical measurements. 
The measurement of this transition frequency at the Max-Planck Institute for Quantum 
Optics (MPQ) is one of the most precise determinations of an optical frequency to date, 
currently limited at 1.8 parts in lo1*. Further improvement of systematic uncertainties 
are an obstacle to increasing the accuracy of these measurements, currently at 500 Hz, 
that are performed on a cryogenically cooled atomic beam. The advantages offered by 
an ultracold sample of hydrogen include dramatic reduction of systematic uncertainties 
such as Doppler shifts and AC stark shifts caused by the strong light intensities typical 
to atomic beam experiments. The metastable 2s atoms have been observed to remain 
in our trap for 100 ms, close to the natural lifetime of 122 ms [72]. If a stable enough 
laser were available, this would mean the capability of observing a linewidth of 1.6 Hz. 
This has motivated the development of an improved laser at 486 nm. Such an improved 
1s-2s frequency measurement would be an important addition to the recent explosion of 
optical frequency measurements enabled by frequency comb techniques that have taken 
place in the last four years (see, for example, [71], [73], [74]). 
For an absolute optical frequency measurement, it is necessary that the optical fre- 
quencies of the comb be determined by the microwave hyperfine transition in cesium that 
defines the second. However, the operation can be reversed to create an atomic clock 
I 
based on ;he optical transition itself. By locking a comb line to an optical transition, the 
repetition rate signal of the comb is a frequency submultiple of the optical clock oscilla- 
tor. From the schematics in Fig. 7-3, we can see that the 1s-2s transition frequency is 
written in terms of measurable quantities as 
I 
By heterodyning fR with a microwave signal generated from the Cs standard, an absolute 
value for the 1s-2s transition can be given. The beat signals that appear in the above 
expression will also be determined by the microwave standard, as it will also synchronize 
all the synthesizers used as local oscillators in the comb stabilization. 
In our comb stabilization scheme, the comb lines are not referenced to any microwave 
frequency standard but to the optical transition which we wish to measure. It might seem 
more straightforward to lock the comb to a microwave frequency standard and directly 
derive from the measured beat signals the absolute value for the optical transition. The 
motivation for favoring optical stabilization of the comb (locking a comb line to the dye 
laser) over microwave stabilization (locking a microwave harmonic of the repetition rate 
to a Cs standard) was the inherent advantage of the first scheme, where a frequency 
division process is involved, in comparison to a frequency multiplication in the latter 
scheme. Another strong motivation was the lack of a highly stable RF signal source 
available, such as a hydrogen maser or a commercial Cs clock. We propose that, when 
such a microwave standard is made available for these measurements, an absolute 1s-2s 
measurement can be performed with the current stabilization scheme by measuring our 
generated " clock" signal relative to the microwave standard. 
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Chapter 8 
Conclusion and outlook 
To conclude, we have demonstrated the first frequency comb based on an octave-spanning, 
prismless Ti:sapphire laser. The self-referencing is done directly from the output spec- 
trum of the laser without the need for external fiber broadening. Dispersion compensation 
is obtained with the use of double-chirped mirror pairs, that provide smooth group delay 
over the full octave, between 600 and 1200 nm. Because of the prismless design, this 
cavity was scaled to a higher repetition rate (191 MHz) than typical frequency comb 
setups based on lasers with intracavity prisms. This bought along several advantages. 
First, a more compact design increased the long term stability of the system relative to 
a lower repetition rate version (80 MHz). Furthermore, an improved fcE detection setup 
to a DCM based delay line greatly reduced the alignment sensitivity, also contributing to 
better long term stability. Second, the higher repetition rate results in more power per 
comb line, an important factor in metrology applications where a beat signal is always 
observed between a single comb line and a cw laser. 
We have: referenced the entire frequency comb to the 1s-2s transition frequency in 
ultracold hydrogen by locking a comb line to a stable dye laser at 486 nm. The 486 nm 
dye laser is used in the IS-2s spectroscopy and can thus be locked to the 1s-2s transition. 
This arrangement enables several precise frequency measurements in ultracold hydrogen. 
First, any 2s-nS transition can be measured relative to the well know 1s-2s transition 
by using the comb to bridge the frequency gap. The experimental setup is flexible 
enough to perform several different measurements, requiring only that an appropriate 
diode laser exist at the necessary wavelength. Second, given that a stable absolute 
microwave reference becomes available at MIT, this system can be used to perform an 
absolute frequency measurement of the IS-2s transition, currently the most accurately 
known optical transition frequency. 
We have performed a complete characterization and analysis of the intensity-related 
carrier-envelope phase dynamics in octave-spanning frequency combs and our studies 
confirm the validity of the theoretical treatment by Haus and Ippen of soliton-like prop 
agation in the few-cycle pulse regime. The inclusion of the self-steepening term in the 
expression describing the dependence of fcE on intensity produces good agreement with 
our experimental observations. The intensity dependence of fCE in OSFCs is found to 
be significantly simpler than in systems which employ external fiber broadening, where 
the effect of intensity-dependent spectral shifts of the comb spectrum was found to  be of 
importance. Here, there is a simple linear behavior which is universal, provided that the 
pump power level is limited so as to prevent the appearance of pulse instabilities. The 
pulse energy in the octave-spanning regime is strongly clamped by the KLM action, mak- 
ing the intensity-related carrier-envelope frequency shift much smaller than one would 
expect from the behavior of the cw laser. 
We have carried out a complete noise analysis of a carrier-envelope phase stabilized 
OSFCs. We found that including the pump power to intracavity power transfer function 
of the laser, that was derived from the linearized rate equations for the system, is essential 
to predicting the correct carrier-envelope phase noise behavior. Most importantly the 
finite response time of the gain introduces a phase delay that adds a phase to the closed- 
loop transfer function of the system. This, together with the phase delay due to the AOM, 
decreases the phase margin and limits the loop bandwidth to 4 0 0  kHz. This limited 
bandwidth is insufficient to fully suppress the intensity-dependent high-frequency carrier- 
envelope phase noise in the system. Because these different contributions are now well 
understood, the stabilization electronics can be further optimized to suppress the noise 
in OSFCs pumped by multi-longitudinal-mode lasers to the level of those pumped by 
single-longitudinal-mode lasers. 
8.1 Outlook 
This work reveals that there is no fundamental limit to how high a repetition rate is 
possible with prismless octave-spanning lasers. Therefore it is highly desirable from the 
point of view of metrology applications to continue to push these developments further, 
generating 1 GHz repetition rates and beyond. 
Time domain applications were not the focus of this work, but the system developed 
here seems to be highly suitable for that as well. In experiments that are highly sensitive 
to the electric field of the pulse and not just the intensity envelope, an ultimately low 
residual carrier-envelope phase is desired. By enhancing our understanding of the carrier- 
envelope phase dynamics in octave-spanning lasers, we have now the tools necessary 
to design a n  optimum carrier-envelope phase control technique. It seems possible to 
completely suppress all noise sources by implementing this control via intr acavity loss 
modulation as opposed to pump power modulation. This technique has not yet been 
demonstrated but our analysis shows that it would be advantageous. 
From the applications point of view, the system developed here is ready to perform 
precision measurements in ultracold hydrogen as soon as sufficiently cold trapped hydro- 
gen is obtained in the new cryogenic apparatus. 
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